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Abstract
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1 Introduction

Various properties have been obtained through standard assumptions applied to the analysis
of the primal-dual central path in Semidefinite Optimization (SO), using the classical logarith-
mic barrier. For example, it has been shown that the path is bounded and all cluster points
are optimal solutions of the primal-dual pair of problems, see Klerk et. al., [6] and Luo et al.,
[7]. Convergence results and its characterization to the analytic center of the optimal set are
obtained when it is satisfied the strict complementarity condition. Halickd et.al [3] show that
the path does not always converge to the analytic center, and they gave a convergence proof,
using some ideas from the algebraic sets.

In this paper we are interested in solving the special class of problems

min{CeX: AX =00<X <1}

Xesn
where S" is the set of all real symmetric n x n matrices, C' € 8™, 0 < X =< I means that X and
I — X are positive semidefinite and the operator A : 8" — IR™ is defined as AX := (4;0 X)) |,
with A; € S8™. The classical barrier solves this problem, by interior point methods, through
—InX — In(J — X). Convergence results of the central path, obtained by the KKT optimal
conditions of the penalized problem with respect to that barrier, can be easily adapted from
the general case when the problem have only the restriction X > 0. In a different way, in this
paper, we introduce the new barrier function

B(X) =Tr(2X — )[In X — In(] — X)]

and study, essentially, convergence properties of the central path induced by B. Another
motivation to study that barrier is our recent work, Papa Quiroz and Oliveira, [8], where we
proved the self-concordance property in the IR™ context.

The paper is divided as follows. In subsection 1.1 we give preliminaries and notations that
we will use along the paper and in subsection 1.2 we present basic aspects of semi-analytic
theory that will be used in the proof of the convergence of the path. In Section 2 we define
the problem and we give the main assumptions. In Section 3 we present some examples of the
class of problems studied in this paper. In Section 4 we present the new barrier and study the
primal-dual central path obtaining its full convergence. Finally in Section 5 we introduce a new
proximal point Bregman type algorithm with convergence result.

1.1 Preliminaries and Notation

We denote by IR™*" the vectorial space of all n x n real matrices and S™ the set of all real
symmetric n X n matrices. For any X,Y € S&™, the inner product of X and Y is defined by
X oY := Tr(XY) (the trace operator) and || X||r := (X e X)¥/? is the Frobenius norm. We
also denote by S the convex cone of symmetric positive semidefinite matrices and by 8%, the
cone of symmetric positive definite matrices. Every matrix X € 8™ can be written in the form

X =Q"DQ

where D = diag(A(X), ..., \n (X)), {Ni(X)}, being the eigenvalues of X, and @ is the
corresponding orthonormal matrix of the eigenvectors of X. Hence for any analytic scalar valued
function g we can define a function of a matrix X € S™ as

9(X)=Q"g9(D)Q



whenever the scalar functions g(\;(X)) are well defined, see for example Horn and Johnson,
[12], section 6.2. In particular we obtain for any X € S% :

InX = Q" DinQ

where Dy, = diag(ln A\ (X),..., \p(X)). This matrix is the inverse of the exponential matrix
exp, see [12]. Thus for any B € SV, log B = A if and only if B = exp(A).

1.2 Basic Aspects of Semi-Analytic Sets

In this subsection we introduce the definition of (s)-analytic curves and the curve selection
lemma that we are going to use in the proof of the convergence of the primal-dual central path.
We refer the reader to Lojasiewicz, [11], for more details.

Definition 1.2.1 We say that a subset M of IR"™ is a semi-analytic set if it is determined by
a finite number of equalities and inequalities of analytic functions; 1 e. M can be written as

k1
U (M= : fis(2)i;0},

j=1i=1

where k,1 € IN, fi; are analytic functions and o;j corresponds to one the signs {<}, {>} or
{=}. If M has only equalities, (o;j =0, for all i,j) then M is said an analytic set.

Definition 1.2.2 Let M be a real analytic set of IR". A curve v C M is a (s)-analytic curve

when it is the image of an analytic embedding of (0, 1] into relatively compact and semi-analytic
M.

Lemma 1.2.1 (Curve selection lemma) If M is a semi-analytic set of IR™ and if a € M (the
closure of M ) is not an isolated point on M, then M contains a (s)-analytic curve that converges

to the point a. Equivalently, there exists € > 0 and a real analytic curve 7 : [0,¢) — IR™ with
v(0) = a and y(t) € M fort > 0.

Proof: See [11], Proposition 2, page 103. =

2 Definition of the Problem and Assumptions

We are interested in solving

min {Ce X : AX =b,0=<X <1T} (2.1)
Xesn
where X, C € 8", A : 8" — IR™ is a linear operator defined by AX := (A4; ¢ X)", € R™,
with A; € 8™, 0 < X (respectively X < I) meaning that X (respectively I — X)) are positive
semidefinite matrices.
We denote by
P={XeS": AX =0, 02X <11}

the feasible set of the problem (2.1) and its relative interior by

Pl={XeS":AX =0, 0< X <1},



where 0 < X (respectively X < I) means that X (respectively I — X) are positive definite
matrices. The optimal solution set of the problem (2.1) is denoted by P*.

Due to the fact that the primal objective function is continuous on the compact set P, it
achieves a global minimum point on P. Besides, the linearity (and therefore convexity) of the
primal objective function implies that any local minimum is a global minimum. Thus, the set
of optimal solutions of the problem (2.1), is a non-empty and bounded convex set.

The dual problem of (2.1) is:

max (BTy—Wel:A'y+S—-W=CW>0,8 >0} (2.2)
(y,8W)elR™ xSnxS»

where A* : IR™ — S™ is a linear operator defined by A*y = > y; A;.
i=1
We denote by

D={(y,S,W)e R"xS8"x8": Ay+S-W=C, W=0,5= 0}
the feasible set of the problem (2.2) and
D' ={(y,S, W)€ R"xS" xS": A'y+S-W=C, W=0,5= 0}

its relative interior and by D* the optimal solutions of the problem (2.2). We impose the fol-
lowing assumptions on the problem (2.1).

Assumptions:
1. The set P° is non-empty:
2. The matrices A; are linearly independent.

We point out that 1 is a standard assumption in interior point methods for Semidefinite Opti-
mization and under the assumption 2 y is uniquely determined for (S, W). We stress that we
do not impose the strict feasibility for the dual problem.

Given X and (y,S,W) two feasible points of (2.1) and (2.2) respectively, the duality gap
between X and (y, S, W) is:

gap:=CeX —(by—Wel)=XeS+(I-X)eW >0

Also, due to assumption 1 and the fact that (2.1) has a solution, the dual problem (2.2) has also
a solution and the duality gap is zero, see de Klerk, [5], Theorem 2.2, that is, if X* is optimal
in (2.1), then there exists (y*, S*, W*) that is optimal for (2.2), with C e X* = bTy* — W* e I.
Those solutions are characterized by the Karush-Kuhn-Tucker (KKT) conditions:

Ay+S-W = C
AX =

XS =

(I - X)W
S, W

0=

|
h © © o o
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3 Examples

In this section we list some examples of problems found in the literature that can be written
in the form (2.1).

Example 1 Problems on the Hypercube.

Consider the following problem: min{cTac: Az =0, 0< z < e}, where e is a n dimensional
vector whose components are 1, x € IR" and A is a m x n matriz, m < n. There exists
many problems that can be expressed in that form, for example in optimal control problems
(see Canon et al., [2],) and capital budgeting and short-term financial planning problems (see
Winston, [13] section 3.6 and 3.7). Now, we observe that the problem above is a particular
case of (2.1), where X = diag(z1,...,x,), C = diag(ci,...,cn) and A; = diag(a;i, ..., i) with
x;, ¢; the coordinates of the vectors x and c, respectively, and a;; are the entries of A.

Example 2 Finding the sum of the first few eigenvalues.
Overton and Womersley (Theorem 8.4, page 329, [9]) gave the following characterization for
the sum of the first k eigenvalues of a symmetric matriz:

MA)+ .+ X (A) = max{Ae X: TrX =k, 0 < X < T}, (3.3)

where X\j(A),j =1,.... k, denote the j largest eigenvalue of A. We may write (3.3) as max{A e
X: AX =b 0= X <1}, where AX =1eX and b= k. Therefore, (3.3) is a particular case

of (2.1).

Example 3 Minimizing the sum of the first few eigenvalues.
We consider the minimization of the sum of the first k eigenvalues of a symmetric matriz:

min A\ (A(y)) + ... + \e(A(y)) where A(y) = Ao + ZyiAi, y € R™. (3.4)
=1
It can be proved, see Alizadeh, [1] Theorem 4.3, that the dual version of this problem is
max{Aoe X: TrX =k, AjeX =0 for j=1,...m, 03X <TI}. (3.5)

Note that we may write (3.5) as max{Ao e X: AX = b, 0 <X X =< I}, where AX =
(TeX AjeX, ... A,y oX)T and b = (k,0,0,...0) € R™L. Therefore, that is an exzample of
(2.1).

Example 4 Minimization of the weighted sum of eigenvalues.
Consider the following problem:

min miA(A) + ... + megAp(A) where my > ... > my > 0. (3.6)

Observe that due to condition my > ... > my > 0, that problem is convex. Donath and Hoffman
in [10] rewrote that sum as follows:

miA -+ Amp A = (m1—m2) A1+ (ma—m3) (A +A2)+. (Mg 1 —mg) A1+ A1) Fmp (A ).



For each of the partial sums of eigenvalues in the right side of the equality we may use the SDP
formulation from the example 2, obtaining:

min (m1—mg)XloA—l—(mg—mg)X20A+...+kakoA
st Tr(X;)=1 fori=1,..k
0=X; =<1

Now observe that this problem can be written under form (2.1), where

C= diag((ml —ma)Ai, (mg—M3>A2, oy mpAg), X = dtag(X1, X2, ..., Xp), A(X) =1 X and
b=(1,2,....k)T. Thus (3.6) is a particular case of (2.1)

Example 5 The graph partitioning problem.
An important special case of the graph partitioning problem, see [1], can be written as

min{C e X: X;; =k/n, 02X <1}, (3.7)

We can write (3.7) as (2.1) with Ay = diag(1,0,...,0), Ay = diag(0,1,0,...,0),..., A, =
(0,0,...,0,1) and b = (k/n,k/n,....k/n) € R"™.

In the next section the introduce a new barrier function to solve the problem (2.1).

4 A New Barrier and the Central Path

In this section we introduce a new barrier and propose a new interior penalized problem to
solve (2.1) and study the behavior of the central path, obtained by its optimality conditions.
We will observe that a property of this path is its primal feasibility, with respect to (2.1), and
dual infeasibility, with respect to the dual problem (2.2), by a term p[ln X (u) — In(I — X (p))],
that converges to zero when u converges to zero, see Corollary 4.4.1. We prove that this path
converges by using some ideas from semi-analytic geometry.

4.1 The New Barrier

We start denoting the matriz cube as S[% 0= {X €8": 0= X < 1T} and its interior as

n

S(’[‘)y N Now, we define on S(o, n the following function:

B(X)=Tr(2X — )[In X —In({ — X)]. (4.1)
Such function generalizes for S,y the self-concordant barrier function for the

hypercube introduced in [8]. We observe that B(X) is invariant under the decomposition
of the matrix X. Moreover, we can write B(X) as:

B(X) = 3" (2M(X) — 1)(In Ai(X) — In(1 — Ai(X))), (4.2)
=1

where 0 < \;(X) < 1, i =1, ...,n, are the eigenvalues of X. We have immediately the following
properties:

o If X — boundS(, /) (X approaches the boundary, that is, A\;(X) — 0 or A\;(X) — 1) then

B(X) — oo. Thus B is a barrier function on Sio.1):
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e B(X) >0, for all X €S,

e B is a strictly convex function continuously differentiable on S(’[L) N

4.2 Definition of the Central Path

To solve the problem (2.1) we propose a new penalized problem:

min  ¢p(X,pu) = CeX + uTr(2X — I)[In X —In(I — X)]
AX =0 (4.3)
0<X<1)

where p > 0 is a positive parameter. The first and second derivatives of ¢p(., 1) are:
Voép(X,p) = C+p2nX —In(l — X)) = X' 4 (I - X)71]

V2p(X,p) = 2u[ X+ (I = X) N+ pX T OX ) +u((-X) ol -X)™), (“4)
where
X'+ (I-X)NY =X"'Y+I-X)Y
XtloxHy =x"lyx!
(I-X)to(I-X)hHyY = (IT-X)'vy(q-Xx)"L.

Since ¢p(.,un) is strictly convex (because the objective function is a linear function, and
B(X)=Tr(2X — I)(In X — In({ — X)) is strictly convex) on the relative interior of the feasible
set and, beside, takes infinite values on the boundary of P, that function achieves the minimal
value in its domain (for fixed p) at a unique point. The KKT (first order) optimality conditions
for this problem are therefore necessary and sufficient, and are given by:

Ay+S—-W = C+2ulnX —In(I — X)]
AX = b
S—uXt =0
W—-pul-X)"t =0 (45)
(S, W) = 0
0= X <1I)

The unique solution of this system, denoted by (X (u),y(n),S(w), W(p)), u > 0, we call the
primal-dual central path. Clearly, this path is primal feasible and dual infeasible with respect to
the problems (2.1) and (2.2) respectively. Furthermore, we call {X (1)} and (y(u), S(w), W(n))
as the primal and dual central path respectively. The duality gap in that solution satisfies

gap(p) = C o X(u) — (b"y(1) = W(p) o I) = 2np — 2p(In X (1) — In(I — X (1)) ® X (1)

4.3 Analyticity of the Central Path

Here we show that the analyticity of the central path follows from a straightforward application
of the implicit function theorem.

Theorem 4.3.1 The function fe, : p — (X(n),y(p), (), W(p)) is an analytic function for
w>0.



Proof: The proof follows from the implicit function theorem if we show that the equations
defining the central path are analytic, with a derivative (with respect to (X,y, S, W)) that is
square and nonsingular at points on the path. Obviously the equations of the central path are

analytic, so we should prove the second part.
Let @:S" X R xS" x 8" x IR — 8" x IR™ x 8™ x 8" such that

C+2ulnX —In(I - X)]—-S+W - A*y
(p(vaa S)WMU’) =

The derivative of ® (with respect to (X,y, S, W)) is:

2u[ Xt + (I -X)™Y ~A* T 1

/ _ A 0 0 0
(I)(XJLSvW)— M(X_l@X_l) 0 T 0
—u((I-X)to(I-X)"YY 0 0 I

where I denotes the identity operator. We have been rather loose in writing this in matrix
form, since the blocks are operators rather than matrices, but the meaning is clear. We want
to show that this derivative is nonsingular, and for this it suffices to prove that its null-space is

the trivial one.

Let U, V, P any matrices in IR"*™ and v € IR™, consider the following system of equations:

WX 1+ (I -X) YU -Av-V+P=0
AU =0

pXtoXxX Hhu+v =0
—w((I-X)ToI-X)"HhYvu+P=0

From (4.8) and (4.9) we have

V=—uXtoXx U
P=p((I-X)"o(l-X)"HU

Substituting (4.10) and (4.11) in (4.6), we obtain:

uX P+ (I -X) N+ X' o X H+uwI-X) ol -X)HU -A*w=0.

Observe that the coefficient of U is the Hessian, see (4.4), then,
Vipp(X, 1)U — A*v = 0.

Applying (V2¢p(X,p))~" in (4.12)
U— (Vip(X,p) tA =0.

Now, multiplying (4.13) by .4, and taking into consideration (4.7) gives

A(V20p(X, 1)) A = 0.

~ o~~~
B
© o I O
— — ~— —

(4.12)

(4.13)



Since that A; are linearly independent matrices we have
v =0. (4.14)

Substituting (4.14) in (4.12)
U=0. (4.15)

Finally, substituting (4.15) in (4.10) and (4.11), we obtain
V=0 and P=0. (4.16)

From (4.14), (4.15) and (4.16) we conclude that ®'(X,y, S, W, u) is nonsingular on the central
path (and throughout S(”O X IR™ x 8%, x 8%, ). Thus the central path is indeed an analytical
path. =

4.4 The Primal Central Path

In this subsection we present some properties of the primal central path. Those results are
easy extensions from general nonnegative barriers in IR" to 8™, but for the sake of completeness
we give the proofs.

Lemma 4.4.1 The function 0 < pn — B(X (u)), where B is defined as in (4.1), is non increas-
mng.

Proof: Suppose po < p1. We will prove that B(X (u1)) < B(X(u2)). Since X (1) minimizes
¢(X, p1) and X (p2) minimizes ¢pp(X, pu2), see (4.3), we have:

C o X(u1)+ pB(X (1)) < C e X(u2)+ pu1 B(X (u2))

and
C o X(p2) + p2B(X(p2)) < C @ X(p1) + paB(X (p1))-

Adding those inequalities gives

peB(X (p2)) + 1 B(X (1)) < peB(X (1)) + i B(X (p2)),

that implies
(11 — p2) B(X (1)) < (11 — p2) B(X (p2))

as [ < p1 we have
B(X(m)) < B(X(u2)). =

Lemma 4.4.2 If s < u1 then

i oB(X(p2), p2) < dp(X(p1),p);

iil. CeX(u2) <CeX(uy).



Proof: Since ug < p1, X (p2) minimizes ¢pp(X, u2) and B > 0:

oB(X (p2), p2) = C @ X(p2) + p2B(X (12))

< C o X (1) + pu2B(X (1))
< CeX(u)+ mB(X(11))

= ¢p(X (1), ).
This shows i. Let us consider the following inequality

C o X(p2) + p2B(X (p2)) < C @ X (1) + p2B(X (p11))-
Since B(X (p2)) < B(X (1)), the inequality above gives
O 0 X(ps) < C 0 X (1),
concluding the proof. m
Lemma 4.4.3 If X* is an optimal solution to the problem (2.1), and j > 0, then
CeX"<CeX(u)<op(X(u),n).

Proof: Since X* is a optimal solution of the primal problem, we have that C'e X* < C'e X ().
As B >0,
CeX(p)<CeoX(n)+uB(X(n),

that implies
CoX(n) < dp(X(n), 1)

Then
CoX*<CoX(u)<op(X(n)p). m

Proposition 4.4.1 All cluster points of the primal path {X (u)} are optimal solutions of the
problem (2.1).

Proof: Let X be a cluster point of {X(uz)}. Note that AX =b and 0= X < 1. Let {ug}
be a sequence of positive numbers such that

lim pi =0

k—o0

and B
klim X(uk) = X.

Fix X* € P, a solution of the problem (2.1). Due to assumption 1, we can take X° primal
feasible. Note that, for all € € (0,1),

X(e)=(1—e)X*+eX PO
The optimality conditions for {X (ux)} give
C o X(pk) + peB(X (1r)) < C o X(e) + peB(X (€)).

that implies
pr[B(X (px)) — B(X(€))] < C 0 X(€) — C o X (pz).
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As B is convex, we get
[V BOX () (X (1) — X (€))] < C 0 X(e) — C o X ().
Since the primal central path is analytic, taking limit when k — oo, leads to
0-[VB(X(€)) s (X — X(e)] < Co X(e) — Co X,

that is
0<CeX(c)—CeoX.

Now, taking ¢ — 0, we obtain
CeX <CeX*

Since X* is an optimal point and X is feasible, the last inequality implies that X is also an
optimal point of (2.1). =

Proposition 4.4.2 Let u; be a sequence of positive real numbers such that ur — 0 as k — 0.
Then:
e B(X (k) — 0, as k — oo.

Proof: We simplify the notation, letting X () for X*. Now, suppose that X is an optimal
point of the primal problem (2.1). Let X* a sequence such that

Xk—>X, as k — oo.

By continuity we have B
CeXF 5 CeX, as k— oo, (4.17)

From Lemma 4.4.3, we have
CeX <CeXF<opp(XF )

and therefore the sequence ¢p(X k. 1) is lower bounded. Besides, by Lemma 4.4.2, part ii, we
know that ¢p is non increasing. So, there exists (* € IR"™ such that

$p(X* 1) — ¢ as k — oo, (4.18)

where C o X < (*.
Now from (4.17) and (4.18) we have

CeXF—pp(XF ) — CeX —(* as k— oo.

Thus
ueB(XF) — Ce X —(¢*, k — 0.

As B > 0 and non increasing we should have
e B(X*) =0, as k— oo

since pup — 0, as k —o00. m

11



Corollary 4.4.1 Let (X¥) be a sequence of the primal central path. Then:
pel|ln X* —In(I — X*)||p — 0, as k — .
Proof: From Proposition 4.4.2, we have
peTr(2XF — I)(In X* — In(I — X*)) -0, k — oo.
From (4.2), this is equivalent to
[k zn:(z)\i(Xk) — 1)(In A (X*) = In(1 = X\i(X*))) = 0, k — oo,
i=1

where \;(X*), i =1,...,n, are the eigenvalues of X*.
As (20(XF) — 1)(In A (X*) —In(1 — X\;(X*))) > 0, that implies:

pe(2AF — D)(In Xf —In(1 = M\F) -0, k — o0, Vi=1,..,n,
where we use the notation )\; to mean \;(X*). We rewrite the last limit as
2 AE I AP £ (1= AP In(1 = AF) — e In AP — e In(1 = M) - 0, k— o0, i=1,..,n. (4.19)
The sequence a(AF) := M InAF + (1 — A\¥)In(1 — \¥) is bounded and since iz — 0 as k — oo,

we obtain
2,uk.oz()\f) -0, k—o0,i=1,...,n. (4.20)

Subtracting the expression (4.20) from (4.19), as both are convergent sequences, it is true that
— L ln/\i'C — g In(1 — )\f) —0, k—o0, i=1,..,n.

Besides, as 0 < /\,’f < 1 we have that In /\,’f <0 and In(1 — )\f) <0,7=1,...,n, so,

—purIn N =0, k=00, i=1,..n, (4.21)

and
—pupIn(1 =X =0, k—o0, i=1,..,n. (4.22)

Therefore, adding (4.21) and (4.22) we conclude that
pe(In AP —In(1 = AF) -0, k= o0, i=1,..,n.
Summing over ¢ = 1,...,n we obtain
pe Y (I XA(XF) —In(1 = Mi(XM)) = 0, k— oo,
i=1
that is,

e Tr[ln X% —In(I — X)) =0, k — oco.
As || X||F < TrX, VX € S™, we achieve the aimed result

pell(In X* —In(1 = X*)||p =0, k —>o0. =
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4.5 The Primal-Dual Central Path
Proposition 4.5.1 For all v > 0 the set {(X(p), S(p), W(w)) : p<r} is bounded.

Proof: As X(u) € S(o, 1) the set {X(p)} is bounded, in particular, when p < r. Now, we will

prove that {(S(u), W(n)) : p < r} is also bounded. We know that (X (u),y(u), S(w), W(w))
solves the equation:
Ay+ S —W =C+2u[ln X —In(I — X))

So, defining the function on S(’B X IR™ x 8™ x 8™
LX,y,S,W)=CeX —yT(AX —b)—SeX —We ([ —X)+2uTr[X In X + (I — X)In(I — X)]

we have
VxL(X (), y(p), S(), W(p)) = 0, (4.23)
where V x denotes the gradient of L with respect to X. Now, observing that L(. ,y(u), S(u), W(p))

is a strictly convex function on 8(7"6 1 (4.23) implies that X (u) is a unique minimum point of

L(X,y(u),S(u), W(u))) on S(o,7- On the other hand, we have:

C o X (p) — L(X (1), y(p), S(p), W(p)) =
S(p) @ X(p) —W(p) e (I — X () —2p[Tr[X (p) In X () + (I — X (1)) In(1 — X (p))]

= npr+np—2pTr[X () In X () + (1 = X (p)) In(L = X (1))]
<2np(l+1n2).
Then, due to assumption 1, we can take X primal feasible, getting:

Co X(p) = 2npu(1+1n2) < L(X(p),y(w), S(p), W)

< L(X, y(p), S(w), W (w))
<CoeX"—S(u)e X —W(u)e(I—-XY, (4.24)
where the last inequality is a consequence of the feasibility of X°, and the fact that i [ (X0) In A (XO)+
(1= M(XO) (1~ }(XO))] <0. -
Now, apply Amin(X)TrS < X ¢S and (1 — Apin (X)) TrW < (I — X) @ W in (4.24), to get:
CeX(p)—2nu(l14+1n2) < Ce X% — A\pin(XO)TrS () — (1 — Amin (X)) TeW (12).
Thus
Amin (XO)TrS (1) + (1 = Anin(XONTeW (1) < C 0 X0+ 2np(1+1n2) — C e X(p).  (4.25)

Since 0 < M\;(X%) < 1 for all i = 1,...,n, we have, in particular 0 < Ayin(X?) < 1. Thus the
quantity e defined by:
€ = min{ Apin (X°), 1 — Apin(X°)}

is positive. Now, let X* be an optimal point of the problem (2.1). From (4.25), and using
u <7, we find:

TeS(p) + TeW (u) < %[c o X0 1 20p(1 +1n2) — C o X(1)]
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<1(CeX"+2n(1+In2)r—CeX*).
As ||S|lp < TrS and ||W||rp < TrW we have:

1
ISGolle + W (w)lr < Z[C @ X°+ 2np(1 +n2) — C'e X,
Therefore, the set {(X(u), S(p), W(n)) : w <r} is bounded. m

Although the function In(X(u)) — In(I — X (i))) is not bounded in S(o,1), it is possible to
prove the existence of cluster point of the primal-dual central path.

Lemma 4.5.1 The cluster points set of the primal-dual central path {(X (u),y(p), S(w), W(n))}
18 monempty.

Proof: Due that {(X(u),
exists a sequence {(X (1),

S(p), W(w)) : p < r} is bounded, see previous proposition, there
S(uj), W (i)} and a point (X, S, W) such that:
i — 0,7 — oo.

From the first equation of the central path (4.5) we have:
y(hj) = (AA)TA(C + 205 [In(X (1) — In(1 = X (15))] — S(pz) + W (u5))
Taking limit when j goes to co and using the Corollary (4.4.1) we have
y(pi) — (AA*)flA (C - S+ W) ,J — oo.

Defining § := (AA*) A (C — S+ W), we obtain that (X, 7,5, W) is a cluster point of the
primal-dual central path. Therefore the proof is completed. m

Proposition 4.5.2 All cluster point of the primal-dual central path are optimal solutions of
the primal (2.1) and dual (2.2) pair of problems respectively.

Proof: Let (X,7,S,W) be a cluster point of the primal-dual central path. Then there exist
sequences {ug} and (X (ug), y(ux), S(ux), W(ux)) such that

pr — 0,k — 0o, and

(X (), y(par), S(par), W (pe)) — (X, 5,5, W), k — oo

From Proposition (4.4.1), X is an optimal point of the primal problem (2.1), so we should prove
that (g,.S, W) is an optimal point of the dual problem (2.2). From KKT conditions

A*yk 4 8% — W = C 4 2u[ln X* — In(T — X*)],
taking limit when k goes to infinite, using continuity property and Corollary (4.4.1), we have:
Ag+S-w=C (4.26)
Clearly, as S¥ = 0 e W¥ = 0 it holds:

S=0 e W=0. (4.27)
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From (4.26) and (4.27) we conclude that (3,5, W) is a feasible point of the problem (2.2). To
verify that (7,5, W) is an optimal solution it is sufficient to show that the complementarity
property is satisfied, that is, W e (X —I) =0 and S e X = 0.

We know that X (ux) @ S(ux) = pg, from the KKT conditions. Now, taking limit when k goes
to infinite and using continuity of X* and S* as functions of u (see Theorem 4.3.1 ), we arrive
to:

In a similar way we obtain

Therefore, the proof is completed. m

4.6 Convergence of the Primal-Dual Central Path

We show that the primal-dual central path converges. To obtain this result we will use
Lemma 1.2.1. The arguments are similar to those used for the logarithmic barrier, in Halickd
et. al [3].

Theorem 4.6.1 The primal-dual Central Path (X (p),y(p), S(), W(p)) converges to a point
(X*,y*, §*, W*) € P* x D*.

Proof. Using the existence result of cluster points of the sequence (X (1), y(p), S(1), W(n)) we
have that there exists a point (X*,y*, S*, W*) € P* x D* and a subsequence {1} such that

i (X03) g )s S (i) W () = (X557, 87, W),

Let us define the following set:

AX = 0

- A*G + S W 2u[ln(X + X*) —In(I — X + X*)]
M=q (X,5,5W,p): (X +X*)(S+5%) = nl
(I - (X+X*))(W+ "), = pl

(X+X*)=0, [ —(X+X*) =0, (S+5%)=0, (W+W?*)=0and u> 0.

It is easy to show that if there exists (X, 4, S, W, u) € M then (X +X* y+y*, S+S* W +W*)
is a point on the primal-dual central path. Now we also have that the zero element is in the
closure of M. Indeed, as

/}jigo(X(m),y(uj),S(Mj),W(uj)) = (X", y", S*, W), (4.28)

we can define the sequence
(X5, 755 S5, Wiy i) = (X (1) — X7, y(uy) —y*5 S(ug) — % W) — W*, ).
From (4.28) we have immediately that (X;,;,S;, Wj, ii;) € M and

lim ( jvyjasjijnu]) (OnXTwOmaOanaOanvO)'

J‘)

Therefore, 0 € M.
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Now, the result follows by applying the curve selection lemma. To see this, observe that Lemma
1.2.1 implies the existence of an € > 0 and an analytic function 7: [0,€) — S" X R™ xS"xS" xR
such that

y(t) = (X(@),51),SEt), W), u(t)) = (Onxn,Om, Onxns Opxn,0) as t — 0, (4.29)

and if ¢t > 0, (X(t),5(t), S(t), W(t), u(t)) € M, that is,

P

—
~

~—
|

— 0’
W(t) = 2ulln(X(t)+X*)—In(I — X(¢) + X)),

+ |
w0
=
|
=
~

, (4.30)

VY Y Y Y I

Since the system that defines the central path (4.5) has a unique solution, the system (4.30)
has also a unique solution, which is given by:

X(u(t) = X@O)+X" y(u®) =y+y,  Su@) =5H)+S%, W) =W(E)+Wr,

for t > 0. Now, by applying limit as t — 0 and using (4.29), we obtain, for %in% wu(t) =0,

lim X (p(t) = X7, limy(p(t) =y*,  lLmS(u(t) =5  lmW(u(t)) =W",

t—0 t—0 t—0 t—0

Since p(t) > 0 on (0,¢€), u(0) = 0, and w(t) is analytic on [0, €), there exists an interval, say
(0,€') where p/(t) > 0. So, the inverse function p~1: u(t) — t exists on the interval (0, u(e’)).
Besides, u~1(t) > 0 for all ¢t € (0, u(€')), and PII(I) p~1(t) = 0. Therefore, it follows that

lim X (1) = lim X (™ () = lim X (a7 (1)) + X = X

Similarly, we get

limy(t) =y~ lim S(t) = S*, lim W (t) = W*.

t—0 t—0 t—0

Since that (X*,y*, S*, W*) was arbitrary, it must be unique, concluding the proof. m

5 A Proximal Point Algorithm

In this section we introduce a proximal point algorithm to solve the problem (2.1) which is
based on a Bregman “distance” induced by the barrier B, that is,

Dp(Z,Y)=B(Z)— B(Y) —tr[VB(Y)(Y — Z)]. (5.31)
The algorithm generates a sequence {Z*} C (0,1)" defined as

7% € (0,1)" such that VB(Z°) € Im(A*), (5.32)
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ZFH = arg min {C'e Z + \:Dp(Z, ZK:AZ=00=<27 =<1} (5.33)
6 n

where {\;} C R4, satisfies

[e.o]

d A =0 (5.34)
k=0

and

Dp(Z,Z%) = 2tr[ZInZ — ZIn ZF — ZIn(I — Z) + ZIn(I — Z%)] — Indet(ZZ* ") + Indet(I —
Z)I — Z")Y +10(Z22F ") + te((I - 2)T — ZF)71) — 2n.

5.1 Convergence Results

The sequences {Z*}, k = 1,2, .. generated by the algorithm is well defined and unique (for each
k) due to the strict convexity of the objective function on P° and that it takes infinity values
on the boundary of P. Thus for all k > 1, Z¥ € PY.

As Z*+1 is the solution of the problem (5.33) then there exists v* € IR™ such that

C + M(VB(Z*) = VB(Z%)) = A*vF (5.35)

Now, it is easy to prove, using the assumption VB(Z°) € I'm(A*), that the primal central path
X (u), as defined in the previous section, is the unique solution of the following problem

Znég}L{CoZ—FuDB(Z,ZO) CAZ =007 <1}
Thus X (p) satisfies
C+ p(VB(X (1)) = VB(Z%) = A*w(p) (5.36)

for some w(p) € R™.
The following convergence result is obtained as a natural extension to semidefinite optimization
from the results obtained by Iusem et al. [4].

Theorem 5.1.1 The sequence {X*} generated by (5.32)-(5.33) and the primal central path
converge to the same point.

proof. Let pp = (kz_:l )\j_l)*l. Obviously {ux} is a decreasing sequence for each k > 1 and
converges to zero Wﬁl:lol k goes to infinity. From (5.36) we have
C + i (VB(X (1)) — VB(2%)) = Awpuy)
C+ i1 (VB(X (r11)) — VB(Z°)) = A*w(pps1),

for some sequence {w(u)}.
Those equations imply that

C + Me(VB(X (pr11)) — VB(X (1)) = A™0F,

where vF = Ak(u;ilw(/ﬁk_i_l) — p; 'w(pg)). Now, due to the uniqueness of the minimum of
(5.33), we get, from the last equation and 5.35, that Z¥ = X (u;,). Finally

lim Z*F = lim X(u) = X*

k—oo k—oo

where the last equality comes from Theorem 4.6.1. m
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6 Concluding Remarks

In this paper we proved that the main properties of the central path induced by the classical
logarithmic barrier are also satisfied by the central path with respect to the new barrier B(X) =
Tr(2X — I)[In X — In(J — X)]. Moreover, we introduced a new proximal point algorithm for
solving semidefinite optimization problems with bounded variables. We observe that the self-
concordance property, that we got in the IR" case, see [8], is an open question. We notice that,
besides the using of the proposed barrier in primal-dual algorithms, it is worthwhile to verify
its computational behavior, as a barrier that takes in account the structure of the hypercube
in a intrinsic way. Both are current works.

Acknowledgments. We are grateful to Professor Gregorio Malajovich, who presented us
to the Lojasiewicz, [11], reference for the selection lemma for semi-analytic sets.
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