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Combinatorial Optimization (CO) problems are very important in many real-
world applications, but solving them can often be very challenging. In this work, we
explore Deep Reinforcement Learning (DRL) techniques to train agents to solve CO
problems, focusing on Structure2Vec Deep Q-Network (S2V-DQN), a foundational
model that uses DRL to learn node embeddings and construct good solutions for
these problems.

We provide our own implementation, developed entirely from scratch, and eval-
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perparameters impact learning and discuss the challenges encountered during the

experimental phase.
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Chapter 1
Introduction

Combinatorial Optimization (CO) consists of finding optimal or approximate solu-
tions for problems with finite or discrete domains, and plays a significant role in
solving real-world problems. These problems are of interest not only for their theo-
retical challenges, but also from a practical point of view. CO models problems from
many different areas, such as logistics, transportation, resource allocation, commu-
nication, etc., so being able to solve them efficiently is very important, particularly
when considering that many CO problems are NP-Hard (BOVET and CRESCENZI
(1994)). For this reason, this area has been studied for a long time (SCHRIJVER!
(2005))). Moreover, due to their computational intractability, many heuristics and
approximation algorithms have been proposed to tackle various CO problems.

Two examples of CO problems are the Traveling Salesman Problem (TSP) (AP-
PLEGATE et al| (2006); [MATAI et al| (2010)) and the Minimum Vertex Cover
(MVC) (CHEN et al](2001))), which will be explored in more detail in Section [2.4]

The original formulation for TSP consists of finding the shortest route for a
salesman, which visits a list of locations and returns to his starting point, visiting
each location exactly once. TSP has several variants and applications, such as Se-
lective TSP and Asymmetric TSP for DNA sequencing (BLAZEWICZ et al.| (1999);
NIKOLAKOPOULOS and SARIMVEIS| (2008)), or the Capacitated Vehicle Rout-
ing Problem for delivery route optimization (DANTZIG and RAMSER! (1959)).

MVC consists of finding the smallest subset of vertices in a graph that covers
all edges. This problem also has many real-world applications, such as in network
security (FILIOL et al| (2007)) and computational biochemistry (LANCIA et al.
(2001))).

On the other hand, Reinforcement Learning (RL) (SUTTON and BARTO
(2018))) involves training an agent from past experiences to learn how to interact
with an environment. This field is strongly inspired by the way that humans learn,
by giving positive feedback for good actions and negative feedback for bad actions,

in the form of numerical rewards observed for each action performed by the agent.



RL methods have been well explored in areas such as learning how to play games.
For example, MNIH et al.| (2013)) developed Deep Q-Networks (DQN) originally to
play different Atari 2600 games, and SILVER et al| (2017) developed AlphaZero,
which is an agent capable of learning how to play different games, like Go and Chess,
just by playing against itself without any prior strategic knowledge, and surpassing
human-level performance. Other studied areas include autonomous vehicles (KIRAN
et al|(2022)) and robotics (KOBER et al.|(2013)).

Combining RL with CO areas has gained traction over the last decade
(MAZYAVKINA et al|(2021)), and is a very challenging and also promising field of
research. The main motivation for this work is to explore this combination by study-
ing one of the most fundamental papers in the field and independently implementing

and evaluating their work.

1.1 Learning Techniques to Solve Combinatorial

Optimization Problems

Many different techniques have been developed to solve combinatorial optimization
problems. These techniques can be divided into three categories: exact, approximate
and heuristics (FESTA| (2014)).

Exact algorithms, as the name suggests, find the exact optimal solution for an
instance, meaning no other solution is better than the output of the algorithm.
Although it might seem like the ideal solution, in general exact algorithms are not
very efficient in terms of algorithmic complexity, especially for NP-Hard problems,
in which the best algorithms have exponential time complexity in the size of the
problem instance.

Another category is approximation algorithms, which do not yield the global
optimal solutions, but they have a guaranteed worst-case approximation. For exam-
ple, the TSP can be approximately solved with the Minimum Spanning Tree, which
can be used to give a 2-approximation solution, meaning that the output solution
is no worse than twice the optimal solution. Another approximate solution for the
TSP is given by the Christofides algorithm (CHRISTOFIDES (1976)), which is a
%—approximation algorithm, meaning that the output solution is no worse than 50%
above the optimal solution.

The third category contains heuristic algorithms, which aim to find good solu-
tions to CO instances, but which do not give any guarantees on the quality of the
final solution, other than empirical evidence that they tend to find good solutions.
Inside this third category, there are many different types of heuristics, including

Machine Learning (ML) solvers, which are getting increasingly better (BENGIO



et al| (2021); MAZYAVKINA et al| (2021)). One advantage of ML techniques is
that many of them do not need prior expert knowledge, so they are not limited by

human expertise, and sometimes can learn novel heuristics.

1.2 Goals and Contributions

This work aims to study and understand a foundational model for solving combina-
torial optimization problems using the deep reinforcement learning framework. The
study also includes a review of key techniques used in this field.

To achieve these goals, this work focuses on Structure2Vec Deep Q-Network
(S2V-DQN) (KHALIL et al.| (2017)), which is a deep reinforcement learning model
that solves combinatorial optimization problems on graphs, by learning node em-
beddings and using them to predict the value of selecting new nodes to iteratively
construct solutions to these problems.

This work contributes with an independent implementation of the S2V-DQN
model, developed entirely from scratch, as well as a step-by-step discussion on the
modeling choices made in the process.

The performance of our S2V-DQN implementation is evaluated on the Minimum
Vertex Cover and the Traveling Salesman Problem, two widely studied combinatorial
optimization problems. We also briefly discuss how hyperparameter tuning affects

the model’s convergence.

1.3 How This Text is Organized

The remainder of this text is organized with the following structure:

e Chapter 2 discusses the theoretical background needed for both combinatorial
optimization and deep reinforcement learning understanding. It also presents
and discusses one of the first papers that combined both fields of research, in
the S2V-DQN framework.

e Chapter 3 presents the key aspects of our implementation of the framework,
discussing some details that are not explicitly covered in the original S2V-DQN
paper. The chapter covers the main parts of the framework, detailing how the
agent, model, and environment are implemented, how some techniques are

used to stabilize the training procedure, and how validation is performed.

e Chapter 4 discusses the experimental results that were obtained by our im-
plementation. This chapter also presents the evaluation metric and lists the

actual parameters that were used, both for training and instance generation.



e Finally, Chapter 5 concludes this work, summarizing the key aspects of the
framework and the results obtained, and also discussing potential directions

for future work that could be explored.



Chapter 2

Background and Related Work

This work strongly depends on many concepts of both Deep Reinforcement Learning
and Combinatorial Optimization. As such, this chapter is dedicated at reviewing

some of the concepts used in the thesis.

2.1 Reinforcement Learning

Reinforcement Learning is an area of Machine Learning that consists of the
interaction of an agent with an environment. This agent observes a state in the
environment, takes an action, transitions to a new state, and receives a reward for

this transition. A visualization of this dynamic can be found in the Figure [2.1]

™| Agent II

state reward action
A R, A,

EI RHI ( .
S | Environment

Figure 2.1: Agent observes state S; and rewards R;, takes an action A; and transi-
tions to a new state S;;; receiving a new reward R 1.

\

The main objective of training an agent using reinforcement learning techniques
is to find a policy 7 : S — A that learns which action a € A to take from each state
s € § to maximize an objective function based on the observed rewards.

A policy can be deterministic, in which, for each state s, exactly one action
a = m(s) is associated, or stochastic, in which, for each state s, a probability

distribution 7(a|s) is associated for all actions a € A.



These definitions, as well as techniques for finding such policies, are further

discussed in the following sections.

2.1.1 Markov Decision Process (MDP)

The foundation of reinforcement learning modeling is based on Markov models. A
model with this characteristic has the Markov property, where the probability of a
certain state occurring depends only on the previous state and not on the history of
states.

More formally, let S be a set of states, a discrete-time Markov chain is a repre-

sentation of a stochastic process in which, given a time step t, the following property
holds:

P(Xt = St|Xt—1 = St—1y-.- ,XQ = SQ,Xl = 31) = P(Xt = St|Xt—1 = St—l) (21)

where X, is a random variable representing the observed state at time ¢, and
S1,82,...,8 €S.

There are some variations of this definition, such as the continuous-time Markov
chain, where the transition time between states is given by a random variable with
an exponential distribution, which has the memoryless property, allowing the history
of states to not interfere with the current and future transitions.

Markov chains have numerous applications, one of the most famous being the
PageRank algorithm (BRIN and PAGE (1998))), which formed the basis of Google’s
search engine.

A Markov Decision Process (MDP) (BELLMAN| (1957); SUTTON and
BARTO| (2018); WEISS (1960)) is a formalization of the notions of agent, state,
reward, and environment described previously, also using the Markov property.

In this formulation, an agent interacts with an environment in a sequence of
discrete steps. At each step t, the agent observes a state S; € S of the environment
and takes an action A; € A(s). In the next step t + 1, he receives a reward Ry €
R C R and observes a new state S;;1 € S.

An MDP can then be defined as a tuple < S, A, p >, where:

e S is the set of possible states observed by the agent
e A is the set of possible actions to be taken by the agent

e p(s',r|s,a) is the probability function, also called transition function, that
defines the dynamics of the MDP. It consists of the probability of observing a
new state s’ € S and a reward r € R in the instant following taking the action
a € A in state s € S, that is, it is another way to write Pr(S; = s, R, =
r|Si1 = s, A1 = a)



In some MDP formulations, it is common to define the transition function with-
out dependence on rewards. From this definition above, this new function could be

calculated as a marginal distribution:

p(s'ls,a) = Pr(S; =§'[S;_1 =s,A1=a) = Zp(s', rls, a) (2.2)

reR

Given the MDP transition function, it is possible to calculate many other values,

such as the expected value of the reward of a transition between states.

2.1.2 Bellman Functions

Given an MDP, it is necessary to understand which objective function will be maxi-
mized. To do this, it is necessary to understand the nature of the problem, whether
it is episodic (i.e., it has a finite number of steps per episode, such as the CO
problems solved in this work), or infinite (i.e., the agent’s interaction with the
environment may potentially have no end, such as a robot learning to walk).

For an episodic problem, the expected return from time ¢ to a terminal time T

can be defined as follows:

Gt - Rt+1 -+ Rt+2 + e 4 RT (23)

For an infinite problem, there is no terminal instant 7" and an infinite sum easily
diverges. Therefore, a constant called discount rate is introduced, represented by ~,
which can be used to update the Equation [2.3}

Gy=Ri1 + YR+ VR + -+ = Z V¥ Rt
- (2.4)
= Rip1 +7 Z’YkR(tH)JrkH = Riyy1 +7Gi

k=0

in which 0 < v < 1. If the rewards are bounded, that is, R; < Ryax, Vt > 1, the

value of Gy is also bounded, because:
Gi = 7V Riiks1 Y 7 Ronax
k=0 k=0

. (2.5)
- R Z,}/k _ Rmax
max e 1 _ v

It’s easy to see that the value of v influences the weight given to each reward
in the future. Values of v close to 0 make the agent look at closer moments and

practically ignore the more distant future, while values of v closer to 1 make the



agent consider future rewards more.
Starting from the expected reward Gy, it is convenient to define two more func-
tions. Taking into account a policy 7 to be followed, v, in Equation is defined as

state-value function, while ¢, in Equation is defined as action-value func-

tion.
UW(S) [Gt|5t = S Z’}/ Rt+k+1|St =S \V/S eS (26)
k=0
qr(s,a) =E; [Gi|S; = s, Ay = d]
i . (2.7)
> VRiypnlSi =54 =a| VseS,ac A

k=0
It should be noted that the action-value function can be calculated for any pair
(s,a), even if a is not an action to be taken based on the chosen policy 7.
It is possible to write the state-value function of a state as a function of the
following states, as well as the action-value function for the following states and ac-
tions. These functions written in this recursive way are called Bellman functions.

The state-value function can be written as in Equation

vr(s) = Eq [Gy|S; = 8]
= E; [R; +7Gi41]S; = s

= Z (als) ZZp s'irls,a) [r +VE; [Gei1]Si1 = 5] (2.8)

acA s
= Zw (als) Zp(s',r|s,a) [+ v (s)],Vs €S
acA s'r

Similarly, the action-value function can be written as in Equation [2.9]

qr(s,a) = E; [G¢]S; = s, Ay = d]
= E; [R; +7G141|S¢ = 5, Ay = a

= ZP(S/,T|S, CL) [T + 7E7r [Gt+1|St+1 = S,H (29)
—Zps r|s, a) 7"—}—72 (a'|s)qr(s',a")| ,Vs € S,a € A.
a’eA

An MDP has an optimal state-value function and an optimal action-value func-

tion, defined as the function itself evaluated with the best possible policy:

U.(s) = maxv,(s),Vs € S (2.10)



¢«(s,a) = max g, (s,a),Vs € S,a € A (2.11)

2.1.3 Q-Learning

A problem with the Bellman equations presented so far is that one needs to know the
transition function p of the MDP, which is not the case for most practical problems.
To solve this issue, some approaches that do not require an environment model are
presented. The first ones are the Monte Carlo methods.

Let G be an observed value for the return of time ¢ to the end of an episode,
and « be a constant indicating the learning rate. It is possible to calculate an
estimate V' (S;) for v,(s) iteratively from an exponentially weighted moving average

for a sufficient number of episodes as:

An immediate problem with this method is that it is necessary to wait for an
entire episode to finish before making updates to the state-value function estimates.
When the episode is very long, this can be very inefficient, and even unfeasible for
infinite horizon problems.

Another commonly used approach is a method called Temporal Difference (TD)
(SUTTON]| (1988)). This method allows updating the estimate for the state-value
function after each instant ¢ of the interaction between the agent and the environ-
ment, and not after each episode, using a technique called bootstrap, in which an
estimate is updated based on other estimates. The update equation presented by
this method is then:

V(Sy) < V(Si) + a(Rip1 + vV (Si1) — V(S)) (2.13)

Using this approach, one of the main Reinforcement Learning algorithms was
developed, called Q-Learning (WATKINS (1989); WATKINS and DAYAN  (1992)).
It uses an update similar to the one presented in the Equation [2.13] but with the
update of the estimate Q(S;, A;) to ¢.(s,a):

Q(Si, A) < Q(Si, Ar) + [Rm +ymax Q(S, +1,a) — Q(S,, A) (2.14)

The complete algorithm can be found in Algorithm [I} It uses a method of
exploring the state space known as e-greedy, in which, with probability ¢, a random
action is taken and, with probability (1 —€) , the best calculated action is taken at
each instant.

Since Q(s, a) is calculated for all states and actions, the policy can be calculated



deterministically as:
7(s) = maxQ(s, a) (2.15)

Algorithm 1: Q-Learning

Input: Learning rate o« € (0,1] and & > 0

Output: Q(s,a),Vs € S,a e A
1 (s, a) initialized arbitrarily for non-terminal states
Q(terminal,-) =0

N

3 for each episode do

4 S < initial state

5 while S is not terminal do

6 Choose action A from S using an e-greedy strategy with @
7 Perform action A, observe reward R and next state S’

8 Q(S,A) + Q(S,A) + a[R+ ymax, Q(5,a) — Q(S, A)]

9 S« 5

10 end
11 end

Other methods have been proposed in the literature also using TD. Examples are
SARSA (RUMMERY and NIRANJAN| (1994); SUTTON and BARTO| (2018)) and
Expected SARSA (SUTTON and BARTO) (2018)), which try to take into account
not only the best value of the action-value function for choosing the next action,
but also the method of exploration used, but such methods are not as widely used
as Q-Learning.

It is also worth mentioning that Q-Learning is a method known as off-policy,
in the sense that actions can be taken from any policy, even one that does not use
the function current Q(s,a). This allows this algorithm to be used for an agent to
learn from past experiences and even from other agents.

A problem with all these methods is that the function to be calculated has an
extremely large domain. For the @ function, it is necessary to calculate |S| x |A|
values. As it is an iterative method, each value must be updated a sufficient number
of times to obtain convergence. The number of iterations of this algorithm easily
explodes, making it unfeasible for such scenarios. In this context, some techniques
must be used, whether to discretize the space of states and actions, such as tech-
niques known as Tile Coding (SUTTON and BARTO), (2018)) or Coarse Coding
(SUTTON] (1996); SUTTON and BARTO)| (2018)), or to approximate functions cal-
culated from states and functions. This second option is the most used, and it is

common to use approximate models based on neural networks.
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2.2 Deep Learning

Deep Learning (GOODFELLOW et al.| (2016)) is an area of Machine Learning that

focuses on using multi-layer (deep) neural networks to learn features and patterns

from data, and also perform classification. It is an extension of the classic Neu-
ral Network model enabled by machines with more powerful hardware and larger

datasets.

2.2.1 Neural Networks

A neural network is a parametric model, developed from inspirations in the human
brain’s structure. This model consists of a set of units, called neurons, connected
together, forming a computational graph. These connections have parameters called
weights.

It is common to group neurons into layers, in such a way that one layer receives
signals x weighted by the weights w of the previous layer and combined linearly in
each neuron. After this combination, a nonlinear activation function g is applied
to this signal. This activation function must be nonlinear, otherwise the combination
of several linear functions would result in a single linear function. A visualization of

a simple layered neural network can be seen in Figure

f
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Figure 2.2: Example of a neural network with three input features, two hidden layers
and one output

Neural networks have different types of architecture, including feed-forward (BE-
BIS and GEORGIOPOULOS| (1994)), convolutional (LI et al| (2022))), recurrent

networks (YU et al| (2019))), among others. Each network is usually used more for

a problem domain. For example, convolutional networks (LI et al.| (2022)) have

become well known with their application in image classification, as well as other

tasks in the area of computer vision. Recurrent networks (YU et al| (2019)) have

properties that make them suitable for modeling sequential inputs and/or outputs.
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This characteristic makes them appropriate for the area of natural language pro-
cessing, expressed by written texts and communicated between human beings. The
development of new architectures is a very explored area of research, with the advent
of increasingly complex and powerful networks. As an example, we can mention the
creation of networks known as Transformers (VASWANTI et al. (2017))), widely used
for modeling sequences, which have several advantages over recurrent networks.

Although neural networks were known for several decades, they remained without
much active research for a while, while there was no efficient way to train them, until
the development of the so-called backpropagation (RUMELHART et al| (1986)).
This is an algorithm for propagating the loss function with respect to each of the
parameters, combining dynamic programming techniques with differential calculus
results.

Even with the development of backpropagation, training a neural network has
always been considered a costly task. For this reason, this model has become increas-
ingly used in recent years, with increasing computational power, both for processing
and storage, thus making massive sets of data increasingly accessible.

An example of a neural network is the one called AlexNet (KRIZHEVSKY et al.
(2012))), which was the winning model of the ImageNet (DENG et al.| (2009)) com-
petition in the 2012 edition, showcasing the potential of deep neural networks. This
is a competition in which a set of 1.2 million images must be classified into 1000
distinct classes. The network architecture featured convolutional layers and it was
trained on a GPU at that time.

2.2.2 Cost Function Optimization

To train a neural network, as well as several other machine learning models, it
is necessary to optimize a cost (or loss) function that expresses how well it can
represent the distribution of the output as a function of the input. Formally, we
want to minimize a cost function L(y,§), where g = f (z;0) and 0 is the set of model
parameters that can be adjusted.

One of the most used loss functions, specially for regression tasks, is the mean

squared error. For a dataset with M examples, it is calculated as:

M
" 1 N
Lyse(y, ¥) = i Z (i — i)’ (2.16)
i=1

To optimize the loss function, several techniques can be used, the gradient
descent technique being the most frequently used.
This is an iterative technique, in which the gradient of the loss function is cal-

culated in relation to each parameter and an update is made to each of these pa-
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rameters. This procedure is repeated a maximum number of times or until the loss
function converges to some value. Mathematically, this update can be written in
vector form as:

0t+1 == 9t - @V@tﬁ(et) (217)

, in which 6, represents the set of parameters in iteration ¢, « represents a learning
rate, which indicates the size of the update in each iteration, and Vy, £(6;) represents
the gradient of £ when evaluated with respect to each of the parameters of 6,.

In practice, updating the Equation can become a computationally heavy
problem, because the calculation of £ requires calculations of all points in the data
set. To overcome this problem, an alternative is to use the so-called stochastic
gradient descent, which considers only one point in the data set at a time. This
variation creates another problem, which is the great variability of updates, due to
the different contributions of each point in the training set.

To consider the advantages of both approaches, a combination of these methods
was developed, known as mini-batch gradient descent, in which only a fixed size
sample is used as an estimate of the loss function for the entire set. This change
makes the update much more efficient, but generally requires more iterations for
better convergence, in addition to introducing noise into the loss curve throughout
the iterations.

However, another problem that arises is adjusting the learning rate. A very
small learning rate causes parameter adjustment to occur more slowly, while a very
large learning rate causes the optimizer to be unable to converge to good local
optima on the loss function curve. With this problem in mind, some techniques
were developed to make the learning rate adaptive, including: AdaGrad (DUCHI
et al. (2011)), RMSProp (HINTON et al|(2013))), and Adam (KINGMA and BA
(2014))).

The optimizer used in this work is Adam. It uses two parameters §; and [
to maintain exponentially weighted moving averages of the gradient and the square
of the gradient, respectively, and uses these averages to automatically adapt the
learning rate and to use the idea of moment, where updates from previous iterations

influence the current update of the optimizer.

2.3 Deep Reinforcement Learning

From the ideas discussed, it is possible to combine neural network modeling with
reinforcement learning ideas to calculate value and action-value function approxi-

mations, given an input representing a state or a state-action pair.
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2.3.1 Deep Q-Learning

The first idea discussed is Deep Q-Learning (MNIH et al| (2013)), which directly

combines the ideas discussed about Q-Learning with approximations via deep neu-

ral networks, in addition to introducing some techniques to stabilize the training
process. This idea is used by the authors to build a convolutional neural network
to train agents capable of playing various Atari 2600 games without any game rules
being encoded, just with the agent’s interactions with the game environment. Later,
this network was extended and applied to 49 Atari 2600 (MNIH et al|(2015))) games,

achieving performance comparable to or better than that of a human in 29 of these

games.

To recap, to know Q(s,a) for every pair of state and action, it is necessary to
calculate |S| x | A| positions. For combinatorial optimization problems, the number
of states grows exponentially with the graph size, making it unfeasible to use the
Algorithm

The idea known as Deep Q-Learning consists of learning a function Q(s,a;@),
parameterized by 6, as an approximation to (s, a). The proposal presented by the
article that introduces this idea is to use a deep neural network, known as Deep
Q-Network (DQN), for this approximation. An example of a DQN diagram can be
found in Figure 2.3

Q Tabie
State-Action Valus

olo|o|e|e|e|a|a|a

Q Learning

State

Deep Q Learning

Figure 2.3: Comparison between Q-Learning, in which all pairs (s,a) are calcu-
lated, and Deep Q-Learning, in which, for each state s, are calculated the values of
Q)(s,a) for every possible action a. Source: https://www.analyticsvidhya.com/
blog/2019/04/introduction-deep-q-learning-python/. Accessed on October
18, 2024.

After calculating the approximate values for Q(s, a; ), some strategy is used to
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choose the action to be taken by the agent. In general, the same strategy mentioned
in Section known as e-greedy, is used.

An idea used along with the article was Experience Replay (LIN| (1992)),
which consists of a buffer of past experiences used for training the model. An
experience consists of a tuple < s;, as, 7441, 5441 >, in which s; and a; consist of a
state and the action taken in that state at a given instant ¢, while r,,; and s,
consist of the reward received and the new state observed after taking the action.
This buffer has a certain size N, in order to store the last N tuples of experience. For
training, some tuples are sampled to adjust the parameters. This idea is useful for
making the model learn from an average of several past experiences, thus avoiding
getting stuck in known feedback loops and making learning smoother.

In addition to Experience Replay, the idea of Target Networks was also in-
troduced based on an observed problem of instability in model training. The loss

function equation can be defined using the mean squared error:

‘C(e) = Es,a,ns/ [y - Q(S, a; 9)]2
2 (2.18)
= ES,a,r,S’ T4y max Q(Sl7 a,; 9) - Q(S, a; 9)

This equation is derived from Equation [2.14] by comparing the current value
calculated for (s, a) with the target value obtained from the transition to the next
state. The target is calculated as y = 1’ + ymax, Q(s',a’;0). This approach has a
problem due to the dynamic nature of the training: when an update is made to @,
not only the value of Q(s;, a;6) changes, but also the value of Q(s;41,a;6), for any
action a, and, consequently, the target y. Therefore, a second network Q known as
target network is introduced, with an architecture identical to the original network
@, but keeping its parameters 6§~ fixed and being updated only every K iterations
as a copy of the original network parameters.

The combination of all these ideas is summarized in Algorithm [2] It is worth
mentioning that the optimization algorithm used calculates the gradient of the loss
function in relation to 6, not 6, therefore the target y; is considered constant for
training.

From the initial version of DQN, several variations emerged trying to address
some issues still encountered. For example, the values calculated for Q(s,a;0)
tend to overestimate the real value of Q(s,a) (THRUN and SCHWARTZ (1993)),
a problem that motivated the variation known as Double DQN (VAN HASSELT
et al. (2015)). Another well-known example is the variation known as Dueling DQN
(WANG et al.|(2016)), in which the decomposition Q(s,a) = V(s)+ A(s, a) is made,
with A(s,a) a term that indicates the advantage of taking an action a in state s,

when compared to the other actions. Each of these terms is learned individually,
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resulting in better estimates and better policies in scenarios where different actions

have similar values for the action-value function.

Algorithm 2: Deep Q-Learning

1 Experience replay buffer D initialized with size N

2 Neural network () initialized with random 6 parameters

3 Target neural network () initialized with parameters 6~ = 6

4 for each episode do

5 $1 < initial state

6 fort = 1, T do

7 Choose action a; from s; using an e-greedy strategy with @)
8 Perform action a;, observe reward r;,; and next state sy,
9 Store the tuple < s;, a4, 7441, 5401 > in D

10 Sample experience tuples < s;,a;, 741, 541 > from D

. Make y; = Tjt1 A if episode ends in j + 1

rit1 +ymaxy @ (sj41,a’;07) otherwise

12 Update 6 with an optimizer step to [y; — @ (s;, a;; 9)]2

13 Update 6~ = 0 every K iterations

14 end
15 end

2.4 Combinatorial Optimization Problems

Combinatorial Optimization (CO) is a field of optimization theory focused on find-
ing the best solution from a finite set of discrete viable solutions. Unlike continuous
optimization, where variables can take any value within a range, combinatorial opti-
mization deals with problems where variables are restricted to discrete values, often
integers or binary numbers.

Solutions are often represented as combinations, permutations, or subsets of a
finite set of elements, making the problem space grow exponentially with the size
of the input. Many CO problems are computationally intractable to solve, which
means that no exact algorithm is known to solve it in polynomial time. These
problems belong to the class of NP-hard problems.

There are many examples of NP-hard CO problems. Among them, one can find
Traveling Salesman Problem, Minimum Vertex Cover, Maximum Independent Set,

Maximum Cut Problem, etc.
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2.4.1 Traveling Salesman Problem

The Traveling Salesman Problem (TSP) (APPLEGATE et al.| (2006); MATAI et al.
(2010)) is one of the most well-known and studied problems in combinatorial op-
timization. The objective of the TSP is to find the shortest tour in a graph that
visits each node exactly once and returns to the starting node, also known as a
Hamiltonian cycle.

Formally, given a set of nodes V' = {1,2,...,n} and a matrix D;; representing
the edge weight from node 7 to node j, the goal is to find a permutation o : V — V
of the nodes in order to minimize the sum of the distances of consecutive nodes
Yoicy Do(iyotirn), with o(n +1) = o(1).

Euclidean version of TSP

A special case of TSP occurs when the nodes represent points in the Euclidean
plane, and the distance D;; represents the Euclidean distance between the points
represented by the nodes ¢ and j. This version of the TSP leads to a complete graph.
If point k£ has coordinates (xy, yx), then

D; ;= \/(l‘z —z;)* + (yi — y5)? (2.19)

Figure is an example of an Euclidean TSP instance, illustrating the shortest

tour visiting each point exactly once.

Figure 2.4: Euclidean TSP example

Some problems might be simplified when working with graphs in the plane, but
that is not the case for TSP, which is NP-hard for both its original formulation
(KARP) (1972)) and for the Euclidean variation (PAPADIMITRIOU! (1977)).
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2.4.2 Minimum Vertex Cover

The Minimum Vertex Cover (MVC) (CHEN et al.| (2001))) problem is another clas-
sical combinatorial optimization problem. Given an undirected graph G = (V| E),
the goal is to find the smallest subset of vertices C' C V such that every edge in F
is incident to at least one vertex in C'. In other words, each edge in the graph must
have at least one of its endpoints included in the vertex cover. Just as the TSP, the
MVC problem is also NP-Hard.

For example, if we take the two graphs in Figure [2.5] the vertices in red form a
minimum vertex cover, because every edge is incident to one of those vertices, and

there is no other vertex cover with fewer vertices in those examples.

IS 417

Figure 2.5: Two MVC examples

It can be formulated using a Mixed Integer Linear Programming (MILP) formu-

lation as follows:

min va
subject to: z, +xz, >1 VY(u,v) €FE
z, € {0,1} Yo eV

(2.20)

2.5 Related Work

The application of reinforcement learning to solve combinatorial optimization prob-
lems has been an active area of research for many years, leading to a wide variety
of models and methods. Over this period, numerous approaches have been devel-
oped. To provide a comprehensive understanding of the progress in this field, several
surveys have been published, offering in-depth discussions on the different RL frame-
works and techniques used to address combinatorial optimization challenges.

One of these surveys was written by BENGIO et al.| (2021)), in which the authors
discuss how ML can be used to aid the solving of CO problems in general. For
that, they categorize ML methods in two ways. On the one hand, to approximate
or speed up some computations. This is done by assuming that expert knowledge is
available and enough to solve the instance, and by training a model from real-world
demonstrations. On the other hand, this expert knowledge might not be sufficient

and ML helps to explore new policies still unexplored.
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The authors also discuss how these ML methods can be combined with tradi-
tional CO algorithms. For that, they mention three categories. The first one is
called end-to-end learning, in which a model is trained to output solutions directly
from the input instances. The second category is learning to configure algorithms,
in which the model is used to provide additional information, such as some hyperpa-
rameters for a solver. The third category is using ML models alongside optimization
algorithms, such as using it in a branch-and-bound solver for deciding which vari-
able to use for the branching decisions or for deciding if some expensive heuristic
algorithm should be executed.

Another survey was written by MAZYAVKINA et al.| (2021]). The authors discuss
many different aspects of the RL approach to solve CO problems. They discuss, for
example, different techniques of how to encode a graph as a vector in some latent
space, from recurrent neural networks (RNNs) and its variations, such as Long Short-
Term Memory (LSTM) unit (HOCHREITER and SCHMIDHUBER (1997)) and
Gated Recurrent Unit (GRU) (CHO et al.| (2014)), up to some custom encodings,
such as S2V-DQN (KHALIL et al.| (2017))), discussed in more details in the next
section.

The authors also split RL algorithms into two types. The first one consists
of model-based methods, in which the transition probabilities are to be learned.
This includes the Monte Carlo Tree Search technique, which is used successfully
for AlphaZero (SILVER et al| (2016)) and its variations to learn how to play the
game of Go and a few other games. The other type consists of model-free methods,
in which the trained agent does not try to learn the environment dynamics, but
instead try to learn how to act based only on observations and past experience.
For model-free methods, there are even two subcategories: policy-based methods,
in which the agent directly learns which action to take on each given state, and
value-based methods, in which the agent learns a measure of the quality of each

action-state pair and then chooses the action to take from that.

2.5.1 S2V-DQN

Given the broad landscape of different methods and models, KHALIL et al.| (2017)
published one of the first works that combined RL with CO. In this paper, they
tackle CO problems by combining a greedy framework with graph embeddings and
RL.

More specifically, the authors propose a graph embedding that is used in a value-
based RL method to parameterize and learn the action-value function Q(s, a). This
representation is called Structure2Vec (S2V), a technique proposed in a separate

paper to generate embeddings for structured data (DAI et al|(2016)).
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They then use this parametrization to train an RL agent using n-step Q-Learning,

which is called S2V-DQN and is described in more detail in the following sections.

Problem solving formulation

The solution to the CO problem in this framework is constructed incrementally in a
greedy manner: whenever an action is taken by the RL agent to include a new vertex
in the partial solution, this vertex is not removed anymore. Taking the MVC as an
example, if at any iteration a vertex is added to the partial solution constructed
by the agent, it will be an element of the final cover. This greedy approach is very
intuitive, but has one limitation: it works for problems in which all vertices that
are still not added to the partial solution are valid. However, it would require some
further refinement when dealing with problems such as the TSP on non-complete
graphs. This is not the case in this work, but it is worth highlighting.

More formally, given an instance graph G = (V, F) sampled from a distribution
D, the solution is constructed as an ordered list of vertices S = (vi,vs,...,v|g))
that are one by one included in the solution by the agent. The actual structure
representing the solution to the problem is then represented by h(S), which can
represent for example some rearrangement of the nodes in S, given their insertion
order.

The quality of the solution is given by an objective function ¢(h(S), G), which is
specific to each problem being solved.

While the instance is not terminated, the choice of which node to insert in each
iteration is taken greedily, in a way to maximize the action-value function for that
node, i.e., the agent should append a node v* into the partial solution S, such that

v* = argmax, g Q(h(S5),v).

Structure2Vec

In order for the agent to be able to take steps and incrementally construct the
solution to the CO problem, it needs to receive an input that encodes the current
state of the instance.

The authors use an encoding called Structure2Vec (S2V) (DAI et al. (2016)),
which is constructed to capture the local structure of the graph around each node.
S2V computes node embeddings using a message-passing mechanism between neigh-
boring nodes. This mechanism works by propagating local information of a node
to its neighbors some number 7' of times. In this way, T defines the depth of the
message-passing, meaning that a node embedding will contain aggregated informa-

tion of all nodes that are up to T edges away.
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Formally, the embedding u, € R? for a node v is computed in layers, such that
Ly = uq(jT), MS,O) =0and, fort=1,...,T:

/%(;Hl) =F (:pm {Ng)}ueN(v) Aw(v, u)}uEN(v) ; @) , (2.21)

where F' is some nonlinear function, x, represents if a node is part of the partial
solution and can even hold other node attributes, N/ (v) is the set of neighbors of the
node v, w(v,u) represents edge attributes and © represents the set of parameters

used by S2V.

In the paper, the authors propose the following function F':

ptY = relu | 612, + 6, Z 1D+ 6y Z relu (Q,w(v,u)) |, (2.22)
ueN (v) ueN (v)

where 01,0, € RP and 05, 03 € €ERP*P are model parameters, and relu is the rectified
linear unit (NAIR and HINTON| (2010)), given by relu(z) = max(0, z)).

These embeddings are computed at each iteration of the RL agent’s interaction
with the environment, as it takes into consideration if each node is in the partial so-
lution found so far. They are then used to compute an approximation @(h(S ),v;0)

for the action-value function of () as follows:

Q(h(S),v;0) = 0. relu ( [06 Z Nl 97M$JT)] ) , (2.23)

ueV

where 05 € R*? and 0g,0; € €RP*P are other model parameters and [-, -] is the

concatenation operator.

Training

In order to learn the parameters 6;,7 = 1,...,7, a Reinforcement Learning environ-
ment is set up, where all of the above pieces are put together under the Markov
Decision Process framework.

The tuple < S, A, p > is then defined as follows:

e S is the set of states, where a state represents the sequence of nodes that

compose the encoded partial solution, in the order that they were inserted

e A is the set of actions, where an action is the set of nodes v € S that are not

part of the partial solution S

e p(s',r|s,a) represents the transitions, which are actually deterministic here.

When a new node is inserted, it’s added to the partial solution encoded by the
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state and a deterministic reward is given based on the problem being solved

To train an agent to act in the environment and to find good solutions, an
algorithm very similar to Algorithm [2] is used, by adapting it to use n-step Q-
Learning and to build the partial solutions incrementally.

The idea for n-step Q-Learning is that the immediate reward is not so important
as the total reward for the whole episode, because what matters is the final solution
found by the agent, not intermediate steps. The n-step feature modifies the elements
that are stored in the experience tuples in the replay buffer, which become the n-th
last state S;_,,, the action taken in the n-th last state v;_,,, the reward accumulated
from the n-th last state until the current state R;_,,; = Z;:ol YV (St ntis Vienii),
and the current state S;.

The addition of n-step Q-Learning also modifies the target y used in the MSE

loss function calculation. The squared loss reads as:

£= (v-Q0s).u0)) (224)

such that

Y = Rugen + 7" max Q(h(Sisn),0'; ©)

= WiT(StH, Ut+z‘) +9" mj}x @<h<5t+n>7 U/; @)

i

—_

(2.25)

Il
=)

Note that @(h(SHn), v';0) = 0 in the case that the state represented by S;,, is
a terminal state, so the target is left with y = R, ;1.

For the action taken by the agent, it still uses an e-greedy approach choosing the
action that maximizes Q(h(S),v;©) with probability 1 — & and picking a random
action with probability €.

Putting everything together, the algorithm used for the training of an RL agent
to solve CO problems using the S2V-DQN encoding and training is described in
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Algorithm

Algorithm 3: Deep Q-Learning

1 Experience replay buffer D initialized with size N

2 Neural network @ initialized with random © parameters

3 Target neural network @_ initialized with parameters ©~ = ©
4 for each episode do
5 Draw graph G from distribution D
6 S < empty initial state
7 fort = 1to T do
random node v € S, , with prob. ¢
8 Choose node v; = R
argmax, s Q(h(S;),v;©) , otherwise
9 Append v; to the partial solution: S;1 < (S, vy)
10 Observe reward Ry
11 if t > n then
12 Store the tuple < S, Vt—n, Ri—nt, St > to D
13 Sample batch B of experience tuples from D
14 Update © with an optimizer step to (2.24
15 Update ©~ = O every K iterations
16 end
17 end
18 end

It is important to note that an independent implementation of S2V-DQN along
with its application to solve two different combinatorial optimization problems (TSP

and MVC) is a major contribution of this thesis.
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Chapter 3
System Design and Implementation

This chapter aims to give more details on the implementation of the S2V-DQN model
and the training procedure in order to learn to solve Combinatorial Optimization
(CO) problems.

The design and implementation tried to be as faithful as possible to the orig-
inal framework presented in the S2V-DQN paper, including details to solve each

combinatorial optimization problem.

3.1 System Architecture

There are many building blocks for the implementation. The Figure illustrates

the main ones and how they interact, which are:

e Environment: describes the spaces of observations and actions, together with

transitions and rewards;

e Model: neural network implementation of the embedding and action-value

function approximation @(h(St), v; 9);

e Agent: entity responsible for performing actions on the environment and for

triggering model updates;

e Training and validation loops: main loop to train the agent’s model to
perform well in the environment and to assess the quality of the model through

validation.

3.2 Implementation

All of the above blocks are implemented in Python, using the PyTorch framework
(PASZKE et al.| (2019)) and following most of the code structure from Open Al
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Training and validation loop

Training episode

Validation episode

(Environment)
Generate instance

{Environment)
Generate instance

| (Agent) Perform action |---.

(Agent) Observe next state | {Agent) Perform action ‘4 -
and reward l |
{Madel) Update i | (Agent) Observe next state ‘
| parameters | i l
{Agent) Check for i ‘ {Agent) Check for termination }» -=!
termination o

Figure 3.1: Diagram illustrating the interaction between different building blocks of
the system. Training episodes are repeated consecutively before a set of validation
episodes are executed.

Gym (BROCKMAN et al| (2016])), which establishes the API for the interaction
between the agent and the environment. The implementation is entirely and publicly
available on GitHub [

3.2.1 Environment

An environment consists of an instance of a CO problem to be solved, with the
definition of its state, and methods to return the state representation, rewards for
given actions, and termination criterion.

The environment is the only module that must be implemented in case someone

wants to add support for another CO problem.

State representation

Given an environment, a representation must be defined adequately such that an
agent can use this representation as input in order to decide its action.

Equation [2.22] is originally defined for a single node attribute x,, representing
if the node belongs to the partial solution, and a single edge attribute w(u,v),

representing the weight of the edge (u,v). However, both of these attributes can be

! https://github.com/tiagomontalvao/s2v-dqn
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extended to include more information. When that is the case, the parameters 6,
and 6, must be adjusted accordingly, i.e., increasing their dimensions.

Formally, given a graph G = (V, E), node attributes X, € R"*%_ where n = |V/|
and a, is the number of attributes for each node (the same for every node), and edge
attributes X, € R™*% where m = |E| and a. is the number of attributes for each
edge (the same for every edge), the state representation is a function f(G,X,,X,)
that encodes all necessary information to replicate the current state of the instance.
Parameters 6; and 6, are adjusted as function of the number of node and edge
attributes and become 6; € RP*% 6, € RP*%. Recall that p is a hyperparameter
that determines the dimension of the representation.

Note that the set of node and edge attributes is dependent on the problem being

solved, as discussed below.

MVC For the MVC problem, only a single node attribute z, is used for each node
v € V, indicating if that node is present on the current partial solution for the
problem.

To encode the graph, the adjacency matrix A is stored, such that A,, = 1 if
there is an edge between nodes v and u, and A, , = 0 otherwise.

These two pieces of information are concatenated together. The MVC state then
has two dimensions with ranges (n,n + a,), where a, = 1, and no edge attributes

are used in this problem.

TSP For TSP, four node attributes are used for each node v € V:
1. z, € {0, 1} indicating if the node is present on the current partial solution;

2. x and y coordinates for the point represented by node v, normalized by the

maximum possible coordinate value; and

3. 1, € {0,1} indicating if the node is the last one in the tour given by the nodes

in the partial solution.
There are also three edge attributes implemented for each edge (u,v):

1. the weight (Euclidean distance) of the edge (u, v), normalized by the maximum

possible coordinate value of a point;

2. x, € {0, 1}, indicating if the first endpoint of the edge is present on the current

partial solution; and

3. 1,42, € {0,1}, indicating if exactly one of the endpoints of the edge is present

on the current partial solution.
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Just like as in MVC, the adjacency matrix is also added to the state represen-
tation. However, as the TSP on the Euclidean space induces complete graphs, the
number of edges is ©(n?) and it grows fast for larger values of n.

A k-nearest neighbors (KNN) technique is applied to limit the number of edges
processed in the embedding to help scaling the training to larger graph sizes. The
adjacency matrix A is then computed as A, , = 1 if either v is one of the k closest
neighbors of u or u is one of the k closest neighbors of v, and A, , = 0 otherwise.
Note that, given an instance of points (nodes), the matrix A is defined and does not
change during training of this instance

This matrix A and the node attributes are concatenated, leading to a state with
two dimensions with ranges (n,n + a,), in which a, = 4. On the other hand, edge
attributes are represented as a 3-dimensional tensor with ranges (n,n, a.), in which

ae = 3.

Actions

Given the state S as an ordered list of nodes representing the partial solution, an
action consists of choosing another node v in the set S = V '\ S, and appending v
to the end of the list.

However, the actual solution is constructed using the function h(S), as men-
tioned in Section R.5.1l This function takes the ordered list of inserted nodes and
constructs the combinatorial structure representing the partial solution. Thus, A(S)
can rearrange or ignore nodes, for example. The function h(S) is again dependent

on the problem being solved, as discussed below.

MVC For MVC, the combinatorial structure for a solution is a set of nodes, so
the order they were inserted to construct the solution is not important, and can be
ignored.

In this case, h(S) = {u | u € S} is just the set of nodes in S.

TSP For TSP, the combinatorial structure for a solution is an ordered list of
traversed nodes in the Hamiltonian cycle.

Therefore, the function h(S) must map the ordered list S of inserted nodes to
another ordered list for the actual TSP tour, and is therefore a permutation function.

One possible function is h(S) = S, i.e., the tour is constructed in the same order
as the selection of nodes from the agent, and actions just append new nodes to the
end of the tour.

Another possible function h(S) is characterized by actions inserting a new node

to the best position in the tour, i.e., the position with the smallest partial tour size.
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Formally, let m;(S) denote the i-th node in the permutation constructed by h. In par-
ticular, if A(S) = (m1(5), ..., mg/(S)) and a new node v is taken as an action, the new
ordered state will become S" = (S,v) and h(S") = (m1(S),...,v,...,mg(S5)), and v
is inserted at an index k, such that w(m;_1(S), v) +w(v, 7 (5)) — w(me—1(S), 7 (5))
is minimized over all indices k, including k& = 1, in which case my(S5) = m5(S) and

the new node is inserted at the end.

Rewards

The rewards returned by the environment at each step are completely dependent on
the problem being solved, but they all should penalize bad actions more than good

actions and direct the agent towards a good solution for the problem.

MVC For the MVC problem, the objective is to minimize the number of nodes
in the vertex cover. Therefore, the reward for adding a node to the partial solution
is simply -1 for every node. It is negative because MVC is a minimization problem,

while the agent always tries to maximize its expected rewards.

TSP For TSP, the objective is to minimize the sum of edge weights in the tour.
Therefore, an intuitive reward to consider for a given action v is the negative of the
change (increase) in tour size after inserting the node v at the best position in the
tour.

However, the original paper argues that empirical evidence shows that designing
the reward as the positive change in the tour size, even if counterintuitive, usually
leads to better learned policies. This might be explained by the fact that the RL
agent typically gives more weight to most recent actions (and rewards), and flipping
the reward function might give a hint to the agent to focus on the longer future.

Therefore, both reward functions are implemented and compared in this work.

Instance generation

The environment is also responsible for generating new problem instances. Given
the random graph model and its parameters, the environment randomly generates
a new graph and resets the partial solution.

For this work, graphs are sampled from three different distributions:

e Barabasi-Albert model (BARABASI and ALBERT) (1999)): graphs are
generated with the preferential attachment mechanism, creating hubs of cen-
tral and highly connected nodes. The graph is generated incrementally by
adding nodes and the model has a parameter m indicating the number of

edges created by each new node added in the graph.
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e Erdés—Rényi G(n,p) model (ERDOS and RENYT (1959)): graphs are gen-
erated with n vertices and an independent probability p of having an edge

between each pair of vertices.

e Euclidean random 2D: n points are sampled uniformly at random from the
square [0, L] x [0, L], where L is some limit coordinate. These points become
nodes of the graph and edge weights are given by the Euclidean distance

between the points.

3.2.2 Model

The model consists of the modules that compute node embeddings for a given state
and the action-value function approximation. It is parameterized by the set of
parameters ©.

In order to implement a procedure that can learn these parameters, one idea is
to create learnable tensors with the correct dimensions described in Equations [2.22]
and That could work, but it would not be very scalable when considering that
learning can be done in batches.

Another possibility is to represent these parameters as fully connected neural
network layers, and direct matrix multiplication is replaced by a forward pass of the
neural network layer.

Note that the model is evaluated at each iteration to compute the action-value
estimates, even if only one node was changed. Because of that, this model must be
as efficient as possible, so that computing the embeddings does not become a large
bottleneck for the training procedure.

The first optimization is to compute each layer of the embeddings m(,t) for all
nodes v at once in one pass. Another optimization is that the terms 6; and 63 do
not change from one layer ¢ to the next layer ¢ + 1 when computing uq(,t), so these
terms can be computed only once for each node embedding.

The diagram for the model implementation is illustrated in the Figure [3.2] for the
embedding module, which is stacked on top of itself T" times (7" is the total number of
layers), and in the Figure for the module computing @, with the PyTorch layers
and functions used in this implementation. These two modules are concatenated, so
that a single forward pass and a single backpropagation are computed at each step.

Note that the sum of some function f(u), encoded as a vector z, over neighboring
nodes u of a node v, represented by )" - Ny f (u) is implemented as a matrix mul-
tiplication Az, computing this sum for all nodes at once. That occurs, for example,

for the inputs of the 6, and 65 neural network layers.
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Figure 3.2: Block diagram illustrating the different layers used for the node embed-
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Figure 3.3: Block diagram illustrating the different layers used to compute
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3.2.3 Agent

The agent is the part of the system that interacts with the environment. Thus, the
agent is given an observation representing the current state, and the agent should
choose a valid action, given the rules of the problem.

The agent is responsible for implementing all of the logic for how to behave in
each state, and it is also responsible for handling how to train its underlying model,
including the n-step learning procedure.

In this particular case of S2V-DQN, the agent holds two internal neural networks,
one which encodes the parameters © = {#;,...,6;} and is used to perform actions
on the environment, and another neural network of identical dimension called the

target network, which is described in more detail below.
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Target Network

As discussed previously, a target network is used to help stabilize the training. When
computing the MSE loss function in Equation the TD target y is also computed
using an estimate of the action-value function @, which is parameterized by ©.

If the same network was used for both calculations, updating the parameter ©
would make the network approach the current target, but then the target itself
would change in the next iteration, making the training very unstable.

The target network is then implemented initially as a copy of the original net-
work, but its parameters ©~ are fixed to stabilize the target and thus the training.
However, it should still be updated with the original network parameters © (that
are changing with training) from time to time in order to give better estimates for
the TD target. There are two ways to update the target network parameters: hard
update and soft update.

The hard update is already described previously, and consists on copying the
whole set of parameters from the original network to the target network every K
iterations. In the soft update, the parameters of the target network are updated at
every iteration, by updating them according to an exponentially weighted moving
average with the parameters of the training network. More specifically, the target

parameters ©~ are updated as:

O =710+ (1-17)07, (3.1)

where 0 < 7 < 1 and, in general, 7 is closer to 0.

Both update types are implemented and supported in this implementation, but
the soft update is the one used for all experiments, as empirical evidence showed no
significant difference between them, but the soft update leads to smoother curves

for the loss function.

Replay Buffer

The agent also has as implementation for the replay buffer, which holds experience
tuples and allows for sampling batches of these tuples to update the model. An
experience tuple < S;_1,v;_1, Ry, S; > holds information on a state, the action per-
formed in that stated, the reward obtained by the agent, and the next state that
the agent observed next. This tuple can be adjusted to process multiple steps, as
described below for n-step learning.

This buffer stores tuples for all of the episodes simultaneously and has a max-
imum size configured before the training procedure starts. Once it gets full, the
oldest experience tuples are removed from the buffer to give space for newer tuples,

thus leaving more recent and more accurate tuples in the buffer.
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Whenever the agent wants to update its parameters, it first sample a batch
of experience tuples, then computes both the loss function on this batch and the
gradient of the loss function with respect to its parameters, and then it updates its
parameters based on this batch.

The sampling for this batch can be done using different distributions over the
tuples. The most common distribution is the uniform distribution. If the buffer
has N experience tuples and the agent samples of M tuples, then each tuples would
have a probability % of being selected for the batch.

There is also another way of sampling called Prioritized Replay (SCHAUL et al.
(2015)), that gives a higher sampling probability to the samples for which the agent
computed a larger error. In this way, the training can focus on the tuples that convey
information that is still not learned by the agent. Although Prioritized Replay can
help improving the training efficiency, the original S2V-DQN implementation uses

a uniform sampling, and so does the implementation for this work.

N-Step Learning

The n-step learning feature is implemented based on the Equation 2.24] From this
equation, we need to know the (S;_,, v;_,) state-action pair n steps prior to a given
state S;, as well as the sum of all rewards in that period.

For this, a list with the last n states and n actions is stored for each episode.
When a new action is performed by the agent, the tuple < S;_1,v,_1, Ry, S; > is
created, where r(S;_1,v;_1) is the reward observed by the agent. The state S;_;
and the action v;_; are then inserted in the list, removing the pair (S;_,_1,V4—n_1)-
The oldest pair of state and action in this list after this operation will then be
(St—n, Vi—n)-

It is also needed to compute the sum of rewards R;_, ;. For this, we keep track

of this sum inside each episode and update it with the following recursion:

Rtfn,t = Rt7n+1 + "}/Rtn+2 4+ 4 fynflRt

R, ’R iR,
_ (0 +1 Y L, 42 F + v i—1 +’Yn_1Rt -
~ (3.2)

> + ’Yn_lRt

N

This is valid for all ¢ > n. In this way, all of the necessary terms are available to

_ (Rt—n—l,t—l - Rt—n

create the experience tuple < S;_,,, vy, Ri_n+, Sy > required by n-step learning.
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3.2.4 Training and Validation Loop

Figure gives a high-level illustration of how the main components of the system
fit together. This section aims to give a more thorough discussion of how the training
and validation loop works.

The training and validation loop is implemented so that a batch of training
episodes is run, allowing the agent to update its parameters, and then a smaller
batch of validation episodes (e.g., 10) are performed, so that the agent can assess
its performance. During validation, model parameters are not updated.

A training-validation loop consists of the steps described by Algorithm [4]

Algorithm 4: Training-validation loop

1 Initialize € used for exploration
2 Initialize optimizer’s learning rate

3 for episode = 1 to E do

4 Run training episode using ¢ and learning rate
5 Report episode’s average loss function
6 Linearly decay ¢
7 if run batch of validation episodes every V episodes then
8 Run N validation episodes
9 Report validation metric for these episodes
10 end
11 Decay learning rate on certain episodes
12 end

The exploration parameter € is configured to start at a very high value, so that the
agent primarily explores new states in the beginning, but € continuously decreases,
making the agent prefer to make actions based on its learned parameters. For the

validation episodes, € = 0, so that no exploration is performed in this case.
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Going further, Algorithm [5| provides the details for the training procedure.

Algorithm 5: Training episode

1 Environment generates a new instance and notifies the agent with the new
observation

Agent resets all of its internal variables, e.g., the list of states and actions

N

and the sum of rewards for the n-step learning procedure
sfort=1 2 ... do
4 Agent returns an action for the environment using e-greedy procedure
5 Environment updates its internal state representation, returns the new
state, the reward and indicates if the episode is finished
6 if t > n then

7 ‘ The agent adds the n-step experience tuple to its memory buffer D
8 end

9 if /D/ < M then

10 ‘ Continue to the next iteration or exit if finished
11 end
12 Agent samples batch B of experience tuples with size M

13 Agent inputs the batch for the model and obtains the estimate
Q(h(S), v; ©) for all nodes v

14 Agent determines the maximum value for all valid nodes

15 Agent computes TD target y

16 Agent computes MSE loss function from its estimate to the TD target y

17 Agent computes gradients of loss function with respect to model
parameters

18 Agent backpropagates the gradients and updates the model parameters

19 Agent hard updates target network every K iterations

20 if episode is finished then

21 Exit the episode
22 end
23 end

A validation episode looks just like a subset of a training episode, in which the
agent interacts with the environment, but it does not need to store experience tuples

or update its parameters from batches of experiences. It is described by Algorithm
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Algorithm 6: Validation episode

1 Environment generates a new instance and notifies the agent with the new

observation
2 fort =12 ... do
3 Agent returns an action for the environment using e
4 Environment updates its internal state representation, returns the new

state, the reward and indicates if the episode is finished

5 if episode is finished then

6 Exit the episode
7 end
8 Computes validation metric using the agent’s solution and the optimal

solution obtained by another solver
9 end

The validation metric and the solvers chosen for each task (see line 8 in Algorithm
[6) are discussed in more detail in Section [4.1]
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Chapter 4
Experiments and Results

Several experiments were conducted to evaluate the performance of the trained
agent, both for TSP and MVC. In the following sections, we describe the evaluation
metric used to validate and test the agents, as well as the parameters used to generate

new instances and train the model, along with the results for each problem.

4.1 FEvaluation Metrics

For the evaluation of a trained agent (model), we use the Approximation Ratio,
defined as (h(S))
c
R(S,G) = OT(G) (4.1)
where ¢(h(S)) is the objective value of the solution h(S) for a sequence S and
OPT(G) is the objective value for the optimal solution of instance G. Intuitively,
R(S,G) > 1 and the closer it is to 1, the better.

To evaluate the optimal solution, we use the following numerical solvers:

e For smaller TSP instances with n < 20, we use a dynamic programming solver
which implements the Bellman-Held-Karp algorithm (BELLMAN (1962);
HELD and KARP| (1962)), with a O(n?2") time complexity, while for larger
TSP instances, we use the Concorde E] solver, with a cutoff of 100 seconds,
in which case it reports the best solution found so far. This cutoff is chosen
because validation is performed multiple times for each training procedure. In
this case, it might be possible that in some cases our solutions is slightly better

that the solver’s solution, leading to an Approximation Ratio less than 1.

e For MVC, we use an open source mixed integer programming solver library

in Python called PuLLP E] to solve the Mixed Integer Linear Programming for-

! https://www.math.uwaterloo.ca/tsp/concorde.html
2 https://github.com/coin-or/pulp
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mulation given by Equation [2.20f We use the default CBC solver (FORREST
et al.| (2024)), which uses a branch-and-cut method.

4.2 Training parameters

For the training procedure, the final hyperparameter values below were chosen try-
ing to replicate the values used in the original paper. However, some of them are
not fully documented (e.g., e-decay schedule) and were chosen after some initial
experimentation on independently generated instances. This is the full list of hy-

perparameters used for training:

e The number of layers in the embedding computation is 7" = 4 for TSP and
T =5 for MVC;

e The node and edge embeddings have dimension p = 64;
e The discount factor is set as v = 0.1 for TSP and v = 1.0 for MVC;

e ¢ begins with 100% and linearly decays on each episode for the first 90%
episodes until reaching 1%, and stays at this level for the remainder 10% of

the episodes;

e The target network is updated using the soft update rule, described by Equa-
tion [3.1] using 7 = 0.005;

e The agent samples batches of experience of size 64 for TSP and 128 for MVC;

e Although n-step learning is implemented, n > 1 empirically didn’t showed any

noticeable improvement, so n = 1 is used;

e A warmup period of 1000 steps is implemented, so that the agent only starts
learning after this number of steps. This helps adding some diversity in the

replay buffer before the agent starts adjusting its model parameters;

e The Adam optimizer learning rate is chosen as 1073 for the first 70% of the
episodes, and decayed to 10~ for the remainder 30% of the episodes.

4.3 Instances Generation

Instances are generated using the random graph models described in Section [3.2.1]
Independent graphs are randomly generated for each episode using the models de-
scribed below. This ensures that training and validation use independent and iden-

tically distributed instances.
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For MVC, the Barabasi-Albert (BA) model and the Erdés—Rényi (ER) G(n, p)
model are used. For the BA model, we use the parameter m = 4, just like in the
original paper, which means that 4 edges are created for each new node added to
the graph during its generation.

For the ER model, we experiment with 2 different values of p, which are p = 0.15
(the one used in the original paper) and p = 0.30. The reasoning is that the expected
degree of a node in a graph generated using this model is p(n — 1), and p = 0.15
makes this value very small when n is small (say n = 10).

For the TSP problem, we generate instances for the Euclidean version of the
problem. The points are drawn at random from the [0, 10°] x [0, 10°] square. The
maximum value of 10° is chosen, because the Concorde solver used for larger in-
stances only works with integer coordinates, so that they can be rounded to the
nearest integer when using this solver.

As mentioned previously, a KNN technique is also used for the Euclidean TSP,
and K is chosen to be 10, so that the 10 closest nodes are kept in the neighborhood

of a node to compute its embeddings.

4.4 Results

In this section, we present the results for the experiments performed with the MVC
and TSP problems.

For each experiment configuration, we present two graphs indicating the con-
vergence for the training of 10 independent agents, all trained from scratch. The
first graph is the average loss function during an episode, for all episodes. The sec-
ond graph reports the average approximation ratio for each batch of 10 validation
episodes. This validation is performed every 100 training episodes.

Both graphs plot the curves for individual runs (in a light blue line), as well as
the average value across all 10 different runs at each episode (in a red line), and a
blue shaded area indicating 1 standard deviation from the average.

We would like to compare our implementation with the original one, but its code
dates back to 2017 and we encountered some compatibility issues to run it. We
also tried to run other implementations for S2V-DQN, such as the one provided by
BARRETT et al| (2019) in their ECO-DQN paper, but they only implement the
Maximum Cut problem, and adapting it to MVC and TSP would require making
many modifications, defeating the purpose of comparing independent implementa-
tions. Therefore, we only trained our implementation and also report the results
published in the original S2V-DQN paper (KHALIL et al.| (2017)).
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Figure 4.1: Loss function and approximation ratio for MVC, trained and evaluated
on graphs generated by the BA model.

4.4.1 MVC

For MVC, we train agents for graph sizes of 10, 15, 20 and 25 for BA and ER graphs,
all with 3000 episodes. We present and discuss convergence plots for both graph

models, for sizes n = 10 and n = 25.

Barabasi-Albert

For the training with BA graphs with n = 10 nodes, the convergence happened
quite quickly, and the average approximation ratio stayed very close to 1.0 after the
first 1000 episodes, while the loss function stabilized also in the first hundreds of
episodes, as shown in Figure [4.1](a).

On the other hand, for the training with n = 25 nodes, 1 out of the 10 inde-
pendent agents actually was not able to converge. It could not recover from there,
causing its loss to explode. We can see from the plot in Figure (b) with the
validation metric that a few agents (light blue lines) were capable of converging to
find approximation ratios close to 1.0, but a lot of the other agents could not, even

after 3000 episodes, causing the average to be closer to 1.1.

Erdés—Rényi

For the ER model, the two probability values of p = 0.15 and p = 0.30 lead to

similar results for n = 25, as shown in Figure 4.2, while for n = 10 and p = 0.15
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the approximation ratio is very noisy throughout the episodes, probably because the
number of edges is very small.

It is worth noting that, in all cases, the loss function keeps increasing over the
episodes, even if only a little. This can partially be explained by the exploration
policy, in which the agent is constantly choosing suboptimal actions, just to better
explore the state space. In this case, the validation graph is very important to make
sure that the agent is actually learning a good policy. This seems to be the case for
n = 10 and n = 25, in which the average approximation ratio decreases largely on
the first 1500 episodes.

All Results

We present all the results for the four graph sizes previously mentioned in Table [4.1]
We take the best average approximation ratio for all validation episodes across the
10 runs. This is calculated by computing the average approximation ratio across the
10 runs for each validation episode, and taking the minimum value for all of these
averages. We also report the standard deviation of the approximation ratio on those
runs. Interestingly, the performance for BA model seems to decrease with n, while
for ER model it appears to increase with n.

For BA, our agents performed well on smaller graphs, but as the graph size
increased, the approximation ratio worsened. Indeed, in Figure [.1(b) we can see
that it started diverging for n = 25 and also diverged for larger graph sizes.

For ER, we our agents actually performed better for larger graphs, and also for
the larger probability p = 0.30 when compared to p = 0.15. One hypothesis we
raised to explain this difference is that graphs generated using the ER model are
often disconnected, specially for lower values of p, and that the learned policies
could perform better on connected graphs, when compared to disconnected graphs.
To validate this hypothesis, we trained agents on both connected and disconnected
G(n = 20,p = 0.30) graphs. For disconnected graphs, the best approximation ratio
over 10 runs was 1.0532 £+ 0.0191. For connected graphs, the measured ratio was
1.0459 4+ 0.0219. Therefore, we cannot conclude that connected graphs lead to better

approximation ratio, because these two intervals of 1 standard deviation overlap.

n BA ER (p=0.15) | ER (p = 0.30)

10 | 1.0017 + 0.0053 | 1.3037 & 0.0945 | 1.0823 + 0.0442
15 | 1.0079 £ 0.0055 | 1.1514 + 0.0600 | 1.0619 + 0.0137
20 | 1.0144 + 0.0114 | 1.0903 + 0.0327 | 1.0497 =+ 0.0173
25 | 1.0856 & 0.1161 | 1.0773 4 0.0298 | 1.0424 =+ 0.0145

Table 4.1: Best average approximation ratio for each graph size for MVC, also
reported with the standard deviation.
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Figure 4.2: Loss function and approximation ratio for MVC, trained and evaluated
on graphs generated by the ER model.

41



The original paper (KHALIL et al|(2017)) reports the results for ranges of graph
sizes, meaning that it generates graphs with any size in the range for both training

and testing. Their approximation ratios for similar graph sizes are in Table [4.2]

n BA | ER (p=0.15)
15-20 | 1.0016 1.0032
40-50 | 1.0027 1.0037

Table 4.2: Results reported in the original S2V-DQN paper (KHALIL et al.| (2017))
for both BA and ER graphs.

Looking at these results, we can see that the agents were able to learn good poli-
cies, but not as good as the agents trained by [KHALIL et al.| (2017)). This indicates
that the implementation is missing some details used in the original implementation,

or that hyperparameters have been tuned differently.

4.4.2 TSP

For TSP, training was performed for graphs of sizes 10, 15, 20, 25, 40, 60, all
with 1500 episodes. The first 4 graph sizes were trained with both designs for the
reward function as described previously: one with a negative reward for each action,
indicating the negative of the increase in partial tour size, and one with a positive
reward for each action, by flipping the sign of the previous reward function.

The results for n = 10 and n = 15 are shown in Figure 4.3 which confirms the
hypothesis that the positive version of the reward function helps the agent learn
better policies when compared to the negative rewards. In the negative reward
setup, the average approximation ratio does not decrease over the episodes, which
indicates that the model is not learning to generalize, even with the reduction in
the loss function. On the other hand, for the positive reward setup, the average
approximation ration decreased over the first 200 episodes and then stayed approx-
imately flat, indicating that learning to generalize happened in the beginning of the
training.

Larger graph sizes take longer to train, so only the positive rewards, which are
known to perform better, are used for n = 40 and n = 60.

Table shows the full results for the different graph sizes. We once again take
the best average approximation ratio for all validation episodes across the 10 runs.
We also report the standard deviation of the approximation ratio on those runs.

The approximation ratios for similar graph sizes reported in the original paper
(KHALIL et al| (2017)) are shown in Table 1.4 From these results, we conclude
that our trained agents were successful in learning policies comparable to the original
implementation of S2V-DQN.
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Figure 4.3: Loss function and approximation ratio for the TSP with n = 10 and
n = 15 nodes, using negative rewards and positive rewards.
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n | Negative rewards | Positive rewards
10 | 1.0339 4+ 0.0144 | 1.0043 + 0.0033
15 | 1.0259 4+ 0.0155 | 1.0078 4+ 0.0053
20 | 1.0458 £ 0.0415 | 1.0061 £ 0.0321
25 | 1.0772 £+ 0.0447 | 1.0118 + 0.0452
40 - 1.0443 + 0.0114
60 - 1.0607 £ 0.0099

Table 4.3: Best average approximation ratio for each graph size for TSP, also re-
ported with the standard deviation.

n Approx. Ratio
15-20 1.0147
40-50 1.0533

50-100 1.0701

Table 4.4: Results reported in the original S2V-DQN paper (KHALIL et al.| (2017))
for Euclidean TSP random graphs.

Generalizing to Larger Instances

We also conducted some experiments, in which we took one arbitrary agent out of
the 10 independently trained agents for each of the previously mentioned graph sizes
and test them on larger graphs, to better understand the generalization capabilities
of our S2V-DQN implementation applied to TSP.

Table shows the results obtained, where the average approximation ratio and
Recall that

the optimal solution on larger graphs is actually calculated using the Concorde TSP

the standard deviation are calculated over 10 different test instances.

solver with a time limit of 100 seconds, and is not truly optimal, but serves as a good
benchmark for comparison. Note that, given a test graph size (say 100), training
on larger graphs does not necessarily improve performance. Thus, the dependency
between train graph size and performance on test graphs of different sizes is far from

clear.

Train \ Test

40

60

100

500

1000

10
15
20
25
40
60

1.0751 + 0.0282
1.0502 £+ 0.0322
1.0522 + 0.0315
1.0497 + 0.0271
1.0696 + 0.0452
1.0632 £+ 0.0398

1.0927 + 0.0274
1.0851 + 0.0255
1.0790 + 0.0354
1.0625 + 0.0227
1.0743 + 0.0267
1.0837 £ 0.0302

1.0885 + 0.0216
1.0967 + 0.0238
1.1111 + 0.0198
1.1027 £+ 0.0371
1.0979 + 0.0220
1.0925 + 0.0231

1.1295 £+ 0.0089
1.1395 + 0.0154
1.1675 £ 0.0156
1.1901 £+ 0.0131
1.2205 + 0.0170
1.1501 £+ 0.0079

1.1304 + 0.0095
1.1434 + 0.0083
1.1848 + 0.0126
1.2059 + 0.0106
1.2331 + 0.0139
1.1685 + 0.0115

Table 4.5: Average approximation ratio for each combination of sizes for train and
test for T'SP, also reported with the standard deviation computed across 10 different
instances.

The original paper (KHALIL et al.[(2017))) also reports their approximation ratio

for tests on larger graphs, from which we present the numbers for similar graph
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Train \Test | 15-20 | 40-50 | 50-100 | 100-200 | 200-300 | 300-400 | 400-500 | 500-600 | 1000-1200
15-20 1.0147 | 1.0511 | 1.0702 | 1.0913 | 1.1022 | 1.1102 | 1.1124 | 1.1156 1.1212
40-50 - 1.0533 | 1.0701 | 1.0890 | 1.0978 | 1.1051 | 1.1583 | 1.1587 1.1609
50-100 - - 1.0701 | 1.0871 | 1.0983 | 1.1034 | 1.1071 | 1.1101 1.1171

Table 4.6: Results reported in the original S2V-DQN paper for Euclidean TSP
random graphs.

sizes in Table [4.6] From these results, we can conclude that our implementation is
similarly capable of generalizing the training performed on smaller to larger graphs,
when compared to the original implementation. Our approximation ratios are just

slightly larger than the ones the authors reported in their work.

4.4.3 Detailed Learning Analysis

From the results in the previous sections, we conclude that the agents were able to
learn how to find good policies to solve the CO problems, especially for TSP.

Another way we can check that learning is happening throughout the episodes
is by observing the gradients of the parameters evolving and getting more and more
concentrated around 0. In order to visualize the evolution of these values, we use
TensorBoard (ABADI et al. (2016])).

For one training loop, we can plot the distribution of the gradients and the values
for specific parameters across the episodes. For example, Figures [4.4 and show
these two distributions for the set of parameters 65 in Equation [2.23] when training
an agent for 1500 episodes to solve the Euclidean TSP with a graph of size n = 15.
The distributions are stacked on top of each other for all episodes, with the final
episode on the bottom. We can see that the gradients tend to concentrate around
0 and that the distribution of the values for this parameter tend to stabilize over
time. However, the values of the parameters move from a normal-like distribution (in
episode 1) to a multi-modal distribution (in episode 1500), indicating that learning

did happen.
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i il |

Figure 4.4: Distributions of weights for 85 parameters throughout the 1500 episodes.

Figure 4.5: Distributions of gradients for #; parameters throughout the 1500
episodes.
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Chapter 5
Conclusion

Throughout this work, we were able to explore several aspects of Deep Reinforcement
Learning techniques to solve Combinatorial Optimization problems. We started by
discussing the theoretical background needed for this work, then reviewed some of
the literature on the area, by reading two surveys, and then focused particularly on
the S2V-DQN framework.

To better understand and discuss in detail how S2V-DQN works, we contribute
with an independent implementation of the model and the greedy framework, and
also evaluate it on different scenarios for both the MVC and the Euclidean TSP CO
problems.

In the experimental phase of our work, we report only the final values used for
each hyperparameter, but a few other different hyperparameter configurations were
explored. For example, larger learning rate values caused the training to be very
unstable, with large peaks in the loss function curve. All of this experimentation
helped us get a better understanding of how to train a DRL agent.

Unfortunately, we could not compare our implementation with the original one,
so we compare the numbers reported in the S2V-DQN paper. We conclude that our
implementation achieves very good approximation ratio values for the TSP, but not
so good for MVC, indicating that some details might be missing (e.g. extra node or
edge attributes), or that hyperparameter tuning is still suboptimal.

For the TSP, we also observe a good generalization capacity, in which agents
trained on small graphs were able to perform well on larger instance sizes. This
indicates that the S2V-DQN embedding and @ calculation are able to capture well
the local structure of the nodes, as well as the global graph representation, and use

these to scale to larger networks.
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5.1 Future Work

Adding comparisons with other algorithms to the results section is left as future
work. Several heuristics and approximation algorithms have been used in the past
years to solve both MVC (e.g., 2-approximation algorithms from PAPADIMITRIOU
and STEIGLITZ| (1982))) and TSP (e.g., Christofides algorithm (CHRISTOFIDES
(1976))) or adding the closest vertex at each iteration).

Some improvements could also be made on this work and are left as future work.
The first improvement is to better scale our implementation for larger graphs. As
we store the whole adjacency matrix and use it to perform matrix multiplication,
even for sparse graphs (which is the case for Erdés—Rényi graphs with low edge
probability or for Euclidean TSP with KNN), we end up with a computationally
heavy task. We could improve on that by working with sparse data structures, like
sparse matrices or even adjacency lists.

Another improvement is hyperparameter tuning. There are many different hy-
perparameters used in the training, so an efficient search algorithm can be valuable.
The tuning in this work was done manually, by tracking individual contributions
of each parameter, without taking into account the combined effect of the different
hyperparameters. Other tuning methods, such as grid search, random search, or
Bayesian optimization (NGUYEN] (2019)) could help us find even better results.

A third improvement could be a change in the architecture of the neural net-
work. This can be a minor change, like replacing the current layers with different
ones (e.g., other nonlinear activation functions, adding dropout layers, etc.), or ma-
jor changes, like completely changing the model architecture, which would mean
completely changing the parametrization of the function F' in Equation [2.21]

At last, if the goal is just solving CO problems using graph and node embeddings,
we could also experiment with other more modern Graph Neural Network (GNN) ar-
chitectures and its variants, such as Graph Convolutional Network (GCN), which ag-
gregates information from neighboring nodes using convolutional operations, Graph
Attention Network (GAT), which uses attention mechanisms to assign importance
to different neighbors, or Graph Recurrent Network (GRN), which processes graph
data sequentially to capture dynamic dependencies over nodes. All of them also
make usage of the message-passing mechanism in order to capture the local struc-

ture from the neighborhood of each node.
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