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parameters 8 and p associated with feasibility and optimality, respectively, before the
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function of 6, a primal variable, and a dual slack variable, with the possibility of explicitly
increasing L.
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ABSTRACT. Consider a problem in linear programming (LP) that consists in obtaining an
infeasible-interior-point algorithm for the primal-dual LP problem such that we can determine
the value of the parameters 6 and p associated with feasibility and optimality, respectively,
before the computation of the Newton direction. We construct an algorithm such that we define
w as a function of 0, a primal variable, and a dual slack variable with the possibility of explicitly
increasing p.
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1 Introduction

We consider the primal-dual pair of linear programming (LP) problems:
(P) minimize cL'z subject to Az =b, = >0,

(D) maximize b’y subject to ATy +s=¢, 5> 0,

where A is a real m x n matrix, b€ R™, c€ R", z € R", y € R™ and we have included
an explicit slack vector s € R". We call (z,y, s) an infeasible interior point if > 0 and
s > 0, and a feasible interior point if Az = b and ATy + s = ¢ in addition.

A Gonzaga’s problem is the following LP problem: from the initial infeasible interior
point e = [1,1]7 € R?, solve

(G) minimize 1
subject to  x1 —axe =a
z1, T2 >0,
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where a > 10. Note that the optimal solution to Gonzaga’s problem is [a,0]7 with an
optimal value of the objective function equal to a, a > 10. From the infeasible starting
point e = [1,1]7, the value of the objective function is equal to 1 which is less than 10,
for example. In other words, we start from a point with an objective value lower than
the optimal one.

Menezes [2025] has presented the problem (G), commented on a little history of infeasible-
interior-point methods and showed graphically that sometimes we should increase the
optimality parameter. In fact, the idea of Gonzaga’s problem is to present this difficulty
through a LP problem with two variables.

The objective of this work is to construct an infeasible-interior-point algorithm for the
primal-dual LP problem such that we define p as a function of 6, z and s with the
possibility of explicitly increasing u.

This work is divided into the following sections. Section 2 presents the primal-dual
LP problem and a surface of analytic centers; in Section 3, we defined the optimality
parameter; in Section 4, we presented the Newton step; the algorithm and its analysis are
presented in Section 5; in Section 6, we present some implementations about Gonzaga’s
problem; and in Section 7, our final considerations are given.

The symbol e will denote the vector of ones, with dimension given by the context. Given
two vectors x and s the same dimension, xs denotes the vectors with components z;s;.
The symbol ||.|| will denote Euclidean norm and ||.||; will denote 1-norm, i. e, ||z||; =

Z?:1|Zj|-
2 The primal-dual LP problem and a surface of ana-
lytic centers

Consider the problem (P). We consider the primal-dual LP problem, i. e, to find, if to
exist, a solution to the system

Ax

(PD) ATy+s
s

x,s

VI
coa o

We define

% =b— A", and 1) = ¢ — ATy? — 5.

For each fixed 0 € R, we define

Fo={(r,y,5) € Rt x R" x R ; Az =b—0r% ATy +s=c—0r}},

and its interior point set
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]:g :{(x’yas) 6]:9;(35’5) >0}.

Mizuno et al. [1995] define a set of parameters

T ={(0,1);0 € [61,0.], n > 0}

and its interior

T ={(0,1);0 € (61,0), 1 > 0},

where

0, = inf{0; Fp # 0} € (—o0,1),

and

0, = sup{0; Fy # 0} € (1,00).
They proved that a perturbed primal-dual system

Ax

(PD)g,, ATy+s
s

z,8

define a surface of analytic centers

S = {(x(oaﬂ)vy(07ﬂ)7S(oa,u)vevu'); (Haﬂ) € 7_0}7
where (z(6, 1), y(0, 1), s(0, 1)) uniquely solves (PD)g ,, with (6, u) € T°.

When we numerically trace a path on S, the sequence of points generated usually lies in
a neighborhood of S. For each g € [0, 1], Mizuno et al. [1995] define a neighborhood of

S:

N(B) = {(z,y,5,0,u) € Fo x T% x5 > (1 — B)ue, x7s =nu}.
Theorem 1. Assume that 6, <0 ((P) and (D) are nonempty). Let

Vvl

b—0rd
c—0rd
e

Oa

((xk7yka 5k79kvﬂlk))

be a sequence in N'(B), such that 6 — 0 and pr, — 0. If (0x/ux) is bounded, then every

limit point of ((x*,y*,s*)) is a relative interior point of

{(x,y,s);Ax:b,ATy—&—s:c,sz:O’x20’320}.

Proof. Theorem 5 in Mizuno et al. [1995].
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3 An optimality parameter
Initially, note that
('r07 y07 80’ 907 HO) = (67 07 67 17 1) 6 S'

From the many ways in which we have to relate p with 6, x and s we will define a specific
one. First, we need the start 0 and p equal to one. Furthermore, we need to increase
sometimes, and p should converge to zero when 6 converges to zero. Our option will be

p=—f0%+ g0,
where f > 0 and g € R. Developing the last equation with § = 1,
l=p=—-f+g9g—=9g=f+1>0.
In this moment we decide to take f = ||(z,s)||1. So, g = |/(=,s)||1 + 1. Now, we can

define

po=00=12"=s"=e,

and for all k =0,...,
fir1 = o1 Orgr, 2%, ) = —[[(2%, s")[[167 1 + (||(2", ") + 1)0k1.

Theorem 2. The sequence (0 /) is bounded when 6 — 0.

Proof. Consider for all £ =0,1,...,

Or+1 Or11 1

perr = l(@* sM)07 + (1R, 9+ Dbk (1= Ol (F, s5)[[1 +17

Suppose 0 — 0. By nonnegativity for the value of the norm one function, we see that
the sequence (%) is bounded for number 1, as was to be shown. O

4 The Newton step

Consider (z,y,s,0,u) € N(3). Let the new parameters 6 and py associated with the
parameters 6 and p be given respectively. Ideally, we want to find

2t =z4u, y"=y4+w and sT =5+,

such that (z*,y*,s%) € Fp, and atst = pje.

The Newton step solves this approximately by linearizing (PD)g, ,.,. The linearization
leads to the following system, which has a unique solution:

Au = b—Ax—0.r%
(N) ATw + v = c—ATy—s—-0.1%
su +zv = —xs+ puye.
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Theorem 3. If (z,y,s) € N(2a) for a = 1 and (u,w,v) is the solution of (N) to the
corrector step then (x +u,y +w,s +v) € N(a).

Proof. Lemma 3 in Mizuno et al. [1993]. O

5 Algorithm and convergence

In this section, we introduce an infeasible-interior-point algorithm for the primal-dual
pair (P) and (D) problems, and its convergence.

Mizuno et al. [1995] called a prototype infeasible-interior-point algorithm for the primal-
dual (PD) problem as follows.

A prototype infeasible-interior-point algorithm.
Data: Let (z%,4°, 5%, 00, o) the initial point.
k:=0.

REPEAT
Set x :=2F, y:=yF, s:= 5" 0:= 04, p:= pp.
Choose parameter values 041 and pigy1-
Compute (u,w,v) by solving (N) for 041 and fig41.
Choose a step size .
Set (zkt1 yr+l k1) = (2,9, 8) + A(u, w,v).
k:=k+1.

UNTIL ’convergence’.

From the choices in the prototype infeasible-interior-point algorithm one iteration is
represented in Figure 1 as in the famous Gonzaga’s figure (with inspiration in Larson’s
worms), Gonzaga [1992].
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Figure 1: One iteration of the prototype algorithm.

Our algorithm is enunciated below. Unfortunately, we calculate Newton again to ob-
tain z7s = nu in the neighborhood N(B). This is inelegant because it is like a "push
the worm’s tail" in the third step of Figure 1. In fact, we still do not understand in
an infeasible-interior-point algorithm about the variation of feasibility and optimality
parameters with Newton’s direction.

Infeasible-interior-point algorithm with correction.
Data: € >0, 8 €[0,1] (8=0.5), 0 € (0,1),
and (xo’ y07 807 00’ ILLO) = (e’ 07 e’ 17 1) 6 N(ﬂ)'

k:=0.
REPEAT
Set x:=a*, y:=y*, s:= 5% 0:= 04, p:= .
Set 41 1= (1 — 0)0 and it 2= —[|(z, 8)[107,1 + ([[(, 5)|[1 + 1)0p+1-
Compute (u,w,v) by solving (N) for ;11 and pigy1.
Compute

A = min{1, max{X\; (z + Mu)(s + Av) > (1 — B)pps1 for each X € [0, A]}}.

Set (Z,79,5) := (z,y,s) + AMu, w,v).
Compute (@, w,v) by solving (N) for 041 and fig41.
Set (2t Yt sMHY) = (2,9, 5) + (u,w, D).
k:=k+1.

UNTIL (6; < €) and (ur < €).

According to Kojima et al. [1993], the Newton direction determined by system (V)
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is a continuous function of the location of (x,y,s,0,u) € N(B) since the coefficient
matrix on the left hand side of (V) is nonsingular for any (z,y,s,0,u) € N(B), and
both of the coefficient matrix and the right hand side of system (V) are continuous in
(z,y,s,0,1) € N(B), therefore the Newton direction (u,w,v) is uniformly bounded for
all (z,y,s) over the compact set N(8). Then, they concluded that [|uv|| is bounded.
Also, we can find an interval [0,5], 7 < 1, such that zs > (1 — 8)pg+1€.

Consider the Algorithm’s direction (u,w,v). Then, for each k¥ > 0, we can use the
previous argument to calculate the step size A, namely

5 — ppr1e = (z+ Au)(s+ Av) — ppq1e
= x5+ Asu+ av) + N2uv — ppire
= (1 -\ (2s — ppy1e) + Nuv.

Taking the Euclidean norm,
125 — piael| < (1= Nllzs — prgael| + 3[Juv]].
How we can find an interval [0,5], & < 1, such that zs > (1 — )16,
125 — peyael| < (1= N)Buggr + X?[uo]].
So,
|[uv][A? = Bk + Buks1 < Bkt
It follows that
|[uv|[A? = Buga A <0,
where we have a root equal to zero and the other

_ Bk
|[uv]]

Theorem 4. For any integer k, k > 0, the Algorithm defines a 5-upla

(xka yka 5k7 9k7 /’Lk) € N(ﬁ))
with
po =1, p = —|| (@ s )67 + (2" s+ 18k,
and the corresponding residuals satisfy
ng = 0%, rjkj = 0,1,

where
k

b =1, 6 = [[(1 - 00).

i=1

Proof. The proof is by induction. For k = 0, the result is clearly satisfied. Suppose they
are satisfied for some k > 0. From the Algorithm follows that the residuals are satisfied
to k£ + 1 because

rptt =b— A" = b — AT+ 1) = b— AT — (b~ AT — O417D) = Opi17p,
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and through the same reasoning we conclude that r,’gﬂ = Or+17%. From the atualization
of 041 in the Algorithm, and by induction hypothesis it follows that

k k+1
9k+1 (170’]@4_1)0]@— 1*0'k+1 H 1701 = H(l*gi).
i=1

=1

From the definition of yj in the Algorithm we have that

pr = =@, ) 1071 + (1, ")+ 1)1
We should to show that
(wkaykvskaak’ﬂk) € N(ﬁ)’

goes to k + 1. To k > 0, consider (Z,5) the results for the Newton step at (k + 1)th
iteration from Algorithm. Taking

: Bhk+1
A = min{1, 1,
||uv]]
then 5 > (1 — Buky1) and T > 0, § > 0 like Theorem 2.4 in Sheng and Potra [1997],
using also A\ < 1. Furthermore, consider (z**1, s¥*1) the results for the Newton step at
(k + 1)th iteration from Algorithm such that

s+l = (7 4+ a)(5+ )
= Z5+ (T0+ 5u) +uv
= I8+ (—Z5+ pky1€) + v

= Ukt+1€ + Uuv.
It follows that
(Ik+1)TSk+1 = sl
because @ v = 0 in the corrector step. Using Theorem 3 about interior-point method

provides
(mk+1a yk-‘rla 5k+17 ak-‘rlv /’('k-i-l) € N(ﬁ)

It remains to show the positivity of (z*+1, s¥*1). We can do this again like Sheng and
Potra [1997]. This completes the proof. O

The next result ensures the convergence of the Algorithm.

Theorem 5. Assume that 6, < 0 ((P) and (D) are nonempty). The Algorithm with
correction converges.

Proof. Using Theorem 4, Theorem 2 and Theorem 1 the result has finished. O
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6 Implementation

Consider the LP Gonzaga’s problem (G) with a = 100. We present an implementation
for a prototype infeasible-interior-point algorithms with a correction to each point at
each iteration. For this implementation, we take e = 1076,

Consider zs > (1 — B)ug+1e. In the Euclidean norm we have
|lzs — prirell < B
Squaring both sides of this inequality, we get
(05 — 1) (05 — i) < B2y — (n— By — 20T s) s + [fos|2 < 0.

By definition in the Algorithm

pir1 = —l(@, 8)[[1(1 = 0)%0% + (J|(2, s)[]1 + 1)(1 - 0)6.
Substituting p41 into the last inequality and expanding, we obtain the enormous in-
equality
p(o) = as0* + as0® + aso? + ajot +ag <0,
where

ag = (n— ?)||(z, s)[|76" > 0,
az = —4(n — 5%)||(z, 8)|[16" + 2(n — B2)||(z, s)l |1 (||(z, )|l + 1)6°,
az = 6(n—p%)|(z, 5)[|76" —6(n—5)||(z, s)[[1 (||(x, 8)|[1+1)0°+(n—B)(||(z, 5)|[1+1)6%+
+2(2"s)l|(z, )|16%,
a1 = —4(n—p%)||(x, 5)|[70*+6(n—5%)||(z, 5)|[1 (II(z, 5)[11+1)0° =2(n—=5*)(l|(z, 5)[|1+1)?6°~
—4(z"s)||(z, 5)16% + 2" s)(|[ (=, 8)| |1 + 1)8),
ag = (n—F%)||(z, s)[[10" = 2(n— Bl (z, )11 (|[(z, $)|[1 +1)6° +(n—B*) (|| (z, 5)| |1 +1)*6%+
+2(2"s) (@, $)|110% — 2(z"s) (|| (2, $)[l1 + 1)0 + [Jas]*.
We take 0 = %3 because p(c) depend of [|(z,s)|[}. Note that we will can calculate
o numerically in each iteration and take the minimal root between zero and one. For
example, considering the initial infeasible point (z,y, s, 0, 1) = (e,0,¢e,1,1), and 8 = 0.5,

and n = 2, we have ay = 28, a3 = —42, ay = 17.75, a; = —1.5, a9 = —0.25, and we
obtain approximately the roots

o1 = —0.0788, o2 = 0.3126, 03 = 0.4374, 04 = 0.8288.

Figure 2 shows that the parameter p increases at some time while the parameter 6
always decreases. In Figure 3, we observe that the iterates do not preserve optimality in
all iterations.
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Figure 2: Parameters theta and mu.
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7 Concluding remarks

We present an infeasible-interior-point algorithm for the problem (PD) with the possi-
bility of increasing the optimality parameter and its convergence. We implement this
algorithm for Gonzaga’s problem to visualize and reflect on this result.

This algorithm is probably not O(y/nL)-iteration because we always increase the opti-
mality parameter under any circumstances. For this, we suggest looking for a new better
choice for p.

Data availability Data were not used for the research described in the article.
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