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Chapter 1

Introduction

1.1 Motivation

Life is about relationships and nothing is more important than life. Science is noth-
ing but a structured way of learning about life. So, if one wants to understand life,
understanding relationships is necessary, because there is no life or world without
relationships. One of the most fundamental ways of modeling and studying relation-
ships is using graphs, and there may lie the reason why graphs are such an active
research topic, especially these days [1H4].

Every second, trillions of data are generated by devices, social media interactions,
chemical or biological reactions, natural phenomena sensing, and so are graphs. Yet,
it is not limited to that: from molecules to galaxies, code to complex systems, simple
logic propositions to complete knowledge bases, it may be better to say that graphs
can model everything, being a building block for any kind of learning.

Graphs are composed of vertices, which represent the entities, and edges, the
connections between entities. But graphs are only a mathematical abstraction and
data. There must be knowledge produced from these data. Moreover, this knowl-
edge has to be applied to increase human perception of the world and enhance its
experience here. Mankind has discovered a way of extracting knowledge from this
abundant data and applying it to its daily problems - machine learning, and machine
learning is changing how work and life are perceived.

Machine learning on graphs has been the subject of many works [3, [5H7] and the
vast literature agrees that there are at least three main tasks: node classification,
link prediction and graph classification. This work has focused on graph classifi-
cation problems, where the problem is posed as a whole-graph label or property
prediction. Graph classification has motivation in various fields, such as biology,
chemistry, computer science, and physics [8-11]. For example, a graph classification

application predicts whether a molecule, represented as a graph, is carcinogenic [12].



The function call graph of a code base can be used to detect malwares [13]. The iden-
tification of several mental disorders has also been studied as a graph classification
problem, where the brain is modeled as a graph of regions of interest [14].

Graph machine learning has become a trending topic due to the rise of so-
called graph neural networks (GNN) as a consecutive advance of deep neural net-
works (DNN). Several GNN models have been published [I5HI7], deriving from
the message-passaging framework [I8] or earlier methods [19, 20] with promising
results. Nevertheless, it remains an open problem [21]. Apart from the inner prob-
lems of GNN, such as their limited expressiveness [16, 22|, graph neural networks
are still deep neural networks. These are known powerful hardware and energy con-
sumers [23], 24], thus expensive and red artificial intelligence models [25] that, at
some point, must be avoided.

Hence, this work takes inspiration from Occam’s razor principle, focusing on one
central question: what can be learned from graphs in a more resource-friendly way.
Graph learning is not limited to graph (deep) neural networks [26] 27]. Thus, this is
the exact point where lies the motivation of this work: to develop a feasible model
and, if does not exceed in accuracy, at least is easier and cheaper to carry on with
comparable results. This is where weightless neural networks (WNN) come into
play.

WNNs have both a past and present of consistent reduced training time and
low computational demand through an architecture with few hyperparameters to
train. Special attention must be given to the WiSARD [28] model and some of its
derivatives, considering their lightweight design [29], easiness of implementation [30],
explainability of decisions [31) 32], and robustness [33]. Even with these benefits,
no other work has come to join both worlds of graph learning and weightless neural
networks, except for [34], which uses it in a very specific context. Here, since no

context is predefined, the whole framework can be applied to a broader audience.

1.2 Contributions & Research Goals

The main goal of this work was to develop a viable approach to graph learning,
more specifically the graph classification problem. The initial belief is that what is
done using complex structures can certainly be completed using simpler ones, using
less energy, and taking less time. The idea was to build a bridge from the deep and
heavy island of graph neural networks to the tiny and lighter beach of weightless
neural networks. However, since a bridge cannot be built without its bricks, several
other problems have arisen during the development of this work, leading to the
exploration of different paths related to data pre-processing, representation learning,

high-performance computing, and model development and assessment. Hence, the



main contributions of this work can be summarized as follows:

1.

Efficient graph classification models are proposed, implemented, and evaluated
using novel representations as building blocks. These proposed models are
capable of surpassing the GNN and SVM models in several datasets, both in
terms of accuracy and resource consumption. GNN models are still dominant
in inference time, model size, and, to the extent of this work, in large-scale
scenarios where greater models can be developed and trained. In addition,
some of the proposed architectures incur much more training time and energy
consumption than simple thermometer approaches. In spite of this fact, the

developed WNN models result in viable alternatives to graph classification;

. A complete redesign of the KernelCanvas is proposed to approach graph clas-

sification problems. This enables the use of all node and edge attributes and
enhances performance in general. Several extensions to the proposed rep-
resentation are discussed and evaluated, improving the accuracy in different
scenarios. This fact is observed for both WNN and non-WNN models, such

as RandomForest;

. Different encoding and binarization methods are stressed in different datasets.

This establishes the Distributive Thermometer as the standard encoding for
WNN. The results also indicate that thermometer-based approaches are better
suited for WNN models than one-hot representations. Despite this fact, there
is still a gap to fill when binarization is performed, mostly corroborated by the

results when using non-WNN classifiers;

. A novel encoding technique called K-Means Thermometer is presented and

explored, and results show that its performance can exceed the Distributive

Thermometer in some datasets.

. Distribution-based encodings are presented and used to compose graph input

vectors, achieving scores that are on-par with graph kernels with support vec-
tor machines. Extensions to these encodings are also proposed and used to

achieve even better performance in different architectures;

. The use of graph embeddings is analyzed as input for graph classification in

conjunction with WNN and non-WNN, with non-WNN performing better than
WNN models;

The proposed representations are merged with graph embeddings, but the
performance of both WNN and non-WNN classifiers does not surpass baselines.
However, results for a baseline KernelCanvas alternative are promising, being

dominant in almost all datasets.



1.3 Related Works

Concerning shallow machine learning strategies for graph classification, some ap-
proaches must be highlighted. NETSimile [35], 30] is a graph representation extrac-
tion framework that focuses on local profiles of nodes that are aggregated and then
used for downstream tasks. The authors also present an eigenvalue decomposition
as a graph feature vector (EIP), in a similar way they later were used in [37] for the
SF graph embedding. The EIP baseline is also related to the works of the [38] and
other spectral-based graph embeddings, such as the NetLSD [39] and FGSD [40].

Another related work is [41], where authors create a vector representation using
a variety of global graph descriptors. More recently, [42] presents a method using
vector representations based on graph kernels, where each input is a stack of different
kernel values. In [43], several graph metrics are analyzed to distinguish between
real and synthetic networks. The work of [44] can be considered a reiteration of [35],
reducing the scope to only degree as the metric of interest. Degree-based vector
representations were also proposed as features for graph comparison in [45].

Both works of [35] and [44] are very similar to works developed in this thesis,
in the way they use signature vectors as aggregation of node-level descriptors for
a graph. Nonetheless, the evaluation done in this work adopt different classifiers
as baselines and the representation is original and solely based on the WiSARD
classifier. We also incorporate every attribute of the datasets and the decision to
use them or not is a hyperparameter search. Moreover, we include different node
descriptors, such as the onion layer number.

The KernelCanvas approach proposed here has some similarities with GNN
graph-level pooling strategies [46], since node-level representations are clustered to
compose a final binary vector. In fact, it can be seen as a node clustering pool-
ing or a (multi)set aggregation that does not have learnable parameters [21]. The
Set2Set [47] approach that uses LSTM to learn sets is used in several works in a
graph learning context [48, 49]. A pioneer work is [50], where authors build on
the DeepSets [51] model, another set neural network model, to propose a universal
readout function for graph neural networks. Authors in [52] propose a readout with
a multiset encoding. A DeepSets approach is also used in [53], in which authors
also introduce an MLP readout approach that yields better results than traditional
pooling schemes.

The only reference that joined both worlds of graph learning and weightless
neural networks prior to this work is [34]. In [34] authors try to classify graphs
in the process mining context. The representation and specific context make their

attempt not applicable to this work and the datasets here evaluated.



1.4 Thesis Outline

The remainder of this text is organized as follows. In Chapter 2, a background
is given on the basics of WNN learning, particularly on the WiSARD model and
its derivatives. Chapter 3 continues on related background, formalizing graph and
graph learning concepts. Chapter 4 studies the binary representation problem, a
necessary step prior to advances in the study of other input representations. Chap-
ter 5 presents initial architectures for the graph classification problem. Chapter
6 explores a promising representation and architecture for graph classification, ex-
tending both architectures presented in Chapter 5. Chapter 7 concludes the work

by wrapping up the conclusions and showing further research steps.



Chapter 2

Weightless Neural Networks

In this chapter, a quick introduction to artificial neural networks and other ma-
chine learning concepts is given, followed by the main background information on
weightless neural networks. The focus is on the WiSARD classifier and its sev-
eral derivatives. These derivatives include simple extensions to more recent models,
such as the Differentiable Weightless Neural Network (DWN) [54]. Finally, common

binarization algorithms for WNN are introduced.

2.1 Neural Networks and Machine Learning Con-

cepts

2.1.1 Neural Networks

Neural networks are computational models inspired by the biological activity of
neurons [55]. As mentioned in [56], biological neurons operate as natural signal
processing units, which receive multiple synaptic inputs and produce an output.
The pioneer work of mathematical modeling of biological neurons is the McCulloch
and Pitts (MCP) neuron model [57], in which synapses are modeled as fixed-weight
edges. In this abstraction, the stimuli that a neuron receives are numerical values
multiplied by the edge weights, and the output of the neuron is the result of an
activation function applied to the sum of these values.

The work of McCulloch and Pitts is considered the cornerstone of one of the
most adopted modern artificial neural networks, the Multilayer Perceptron (MLP)
or feed-forward neural networks (FFNN) [55]. These are themselves the basis for
current deep neural network models. Heavily influenced by the MCP neuron, the
Perceptron [58] was planned as a hardware image recognition device, but was first
implemented as software by Frank Rosenblatt at IBM [55]. Authors in [55] define



the Perceptron as a linear binary classification model given by

y(z) = fw' ¢(x)), (2.1)

where z is the input vector, y is the output, w is the weight vector (the learnable
parameters of the model), and ¢(-) is a nonlinear transformation applied to the

original feature vector. Also, the f(-) function is an activation function given by

1, if s >0
f(s) = (2.2)
-1, ifs<0.

According to [55], the Multilayer Perceptron is a model that comprises several
layers of functional transformations [55] that resemble the Perceptron over an input
vector z € RP. A basic MLP is composed of three layers: an input layer, a hidden
layer, and an output layer. The input layer is represented by a node for each z; in
the input vector. This input layer is then transformed into M output nodes, which
compose the hidden layer. The outputs of a hidden layer are then combined to form
the final K outputs of the network. The outputs of a hidden layer of an MLP are
given by

hy = w(a" ), (2.3)

(hidden)

where j = 1,..., M, () is a nonlinear activation function and a; are the

activations of the hidden layer, defined as
(}”dden Z w(o)xz + w (2.4)

where w(® is a M x D matrix of learnable weights of the hidden layer. The results

of the output layer are given in a similar way by

o = P(a;"™™), (2.5)

where k =1, ..., K and al(fmp ") are the activations of the output layer, given by

CL](COUtPUt) Z wk]h + Wi, (26)

7j=1

where w™ is a K x M matrix of learnable weights of the output layer. Several
hidden layers can also be stacked using the output of the previous layer as input.
As an example, Figure presents an MLP with an input layer with 2 nodes, two

hidden layers of 4 nodes, and an output layer of 2 nodes, where signals flow from
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Figure 2.1: Example of an MLP with an input layer with 2 nodes, two hidden layers
of 4 nodes and an output layer of 2 nodes.

the input through the output, passing through multiple hidden layers. Finally, more
details of how training and learning happen in the MLP can be found in [55].

2.1.2 Machine Learning Concepts
Classification and Learning

The goal of a classifier is to solve a given classification problem. Let 3 be a finite set
(or alphabet) of two or more discrete classes, also called labels. Let X be an M x D
matrix consisting of M data points. Let X; be the i-th row of X € RP. Let also
y(X;) be a labeling function that maps X; to a label y € ¥. The task of classification
in machine learning is to correctly predict these associated labels, mimicking how y
works and generalizing it to new examples, whose class is unknown but € X.

If the cardinality of X is exactly two, the classifier has to learn and distinguish
between two classes, and the problem is considered a binary classification problem.
If the cardinality is greater than two, the problem is called a multiclass classification
problem [55].

Generally, the use of a classifier is divided is two phases: training (or learning)
and inference. The most common learning process of a classifier is supervised learn-
ing [55]. In supervised learning, a training dataset is used, and the classifier receives
input examples together with its target labels to learn from. There are other types of
learning, such as unsupervised learning, where training examples do not have target
labels and learning mostly operates with the goal of finding similar data points and

giving labels to them, also called a clustering problem [59].



K-Means Algorithm

An well-known clustering method is the K-Means algorithm, proposed by Lloyd [60],
and originally used for pulse-code modulation, a method to convert analog signals
to a digital format. Its main objective is to create a good partition of the data into
K clusters, where each cluster is represented by the average element of the partition,
also called centroid. In other way, each element is associated with and represented
by its closest centroid.

The K-Means algorithm is defined in Algorithm [l with the idea of greedily
minimize the distance from each point of the dataset to its closest centroid. It takes
3 arguments as input: T —a matrix containing all training data points € R”, 7
—the maximum number of iterations, and k& —the number of clusters, and outputs
both the centroid matrix containing all centroids and a cluster assignment vector.
It assumes that both argmin and dist functions are defined. The argmin function
receives an array as an argument and returns the index of the minimum value in an
array. The dist function receives the centroid matrix and a point as arguments, and
returns the distance between the point and every centroid in the centroid matrix.

This distance defaults to the Euclidean distance between two vectors, defined by

diStEuclidean = (27)
where X = [xq,...,zp], and Y = [y1,...,yp]| are two points represented as arrays
€ RP.

Two other functions compose Algorithm 1: nitCentroids — and

calculateCentroids. The initCentroids function uses k and D, a matrix of
all training points, to initialize a centroid matrix with %k centroids. Usually,
this initialization is performed by randomly sampling centroids € R, but many
other types of initialization are defined in the literature and may provide faster
convergence or better solutions [6I]. The calculateCentroids function receives k,
the current cluster assignment array, and the data points, and returns an updated
centroid matrix. The centroid matrix is updated by recalculating each centroid C}
of cluster k as the average point of all points assigned to cluster k. The algorithm
stops if no cluster is updated during the iteration or if 7 iterations are reached
without convergence.

Lloyd’s algorithm is known to be superpolynomial in theory, but of practical
efficiency [62]. Moreover, the reader should refer to [55] for a complete introduction

to machine learning basic concepts.



Algorithm 1 K-Means Algorithm - Partitions the space into k subspaces assigning
each point to cluster

Input:
T > A matrix of all training points
T > Maximum iterations
k > The number of clusters
Output:
centroids > The final centroid matrix
cluster Assignment > The final cluster assignment vector
1:t+0
2: centroids < initCentroids(k,T') > Random initialization of centroids
3: for all point € T do
4: cluster Assignment|point] < 0
5: end for
6: for t<+ 1to 7 do
7 for all point € D do
8: newCluster Assignment[point] < argmin(dist(centroids, point))
9: end for
10: if newCluster Assignment == cluster Assignment then
11: Stop
12: end if
13: centroids < calculateCentroids(cluster Assignment, k,T)
14: end for

2.2 WIiSARD - an n-Tuple Classifier

The learning process in an MLP occurs by adjusting the weights of the edges of the
network, hence its knowledge resides in the edges of the network while the neuron
has no state or memory. A weightless neural network contrasts with these networks
because it memorizes its input instead of having adjustable and learning weights.
The learning task literally stores the knowledge in the neuron nodes [63].

The WiSARD [2§] is a weightless neural network derived from the n-tuple clas-
sifier of Bledsoe and Browning [64]. Originally, WiSARD was a hardware pattern
recognition system, that functioned as a supervised multiclass classifier. Its basic
structure is composed of discriminators and each discriminator is organized to dis-
criminate and identify one class of the problem. Discriminators are itself groups of
RAM nodes, which are the neurons of the network and store all knowledge. Several
discriminators are trained independently to deal with all classes of the problem.

WiSARD works only with binary vectors as input. Hence, some binarization
process should be performed if the data are not originally represented in a bit vector
format. As a supervised classifier, WiSARD functioning is divided into a training
and an inference phase, and the learning process is conducted using a training set

of labeled samples. During the training phase, each sample of the training set is
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Figure 2.2: Training a WiSARD classifier - A 12-bit input vector representing an
example of class ’C’ during training phase. This vector is randomly mapped into N
tuples of n bits (N = 4,n = 3), which serve as RAM addresses that get written.

mapped into N tuples of a fixed size n. Usually, this mapping is random and the
same for all examples presented to the classifier. Each of these N tuples works as
an n-bit address of a RAM node of 2" locations. The RAM locations addressed by
the input are then written with a single bit value: one or true. These co-occurring
n-bits of the n-tuples constitute the patterns memorized by the network.

Figure[2.2]shows the training phase of a WiSARD classifier, where a discriminator
for letter C with four RAM neurons is being trained. On the left, the letter C is
drawn for better illustration, but a contiguous array is used as input. In the figure,
a 12-bit input vector is randomly mapped into N = 4 tuples of n = 3 bits. These
n-tuples indicate the addresses that are written (marked with a 1) on each RAM
node.

In order to predict (or classify) an example whose class is unknown, the bit vector
is mapped once again into n-tuples using the same mapping used during training
phase and presented to each discriminator of the trained classifier. Each n-tuple acts
again as one address of the RAM node of a discriminator. A RAM will be activated
if its n-bit address presented as a tuple was written during the training phase. Each
discriminator may have several RAMs activated, and this number represents the
score of a given discriminator (or class) for the example to be classified. The output
class is the class of the discriminator that has the highest score. Ties can happen
and are randomly broken, whether a confidence over the score is defined. The
classification of an example is shown in Figure 2.3 where an example whose label is

unknown is presented to all discriminators of a trained network. Each discriminator
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Figure 2.3: Classification using a WiSARD classifier: each input vector is randomly
mapped and presented to all trained discriminators, outputting a classification score.
The discriminator with the greatest score is chosen as the output class.

outputs its score 7yeer, and the discriminator trained to identify the letter C has

the highest score, r¢, with letter C chosen as the output class.

2.3 Wi1SARD Extensions

Further literature has expanded the original WiSARD model and its limitations
into more sophisticated problems. The next sections try to cover some of these
extensions as they are necessary to the complete understanding of this work, but
other interesting extensions such as the RegressionWisard [65] are out of the scope of
this work. Nonetheless, the hardware natural suitability of WiSARD-based models

is still verified even in the most recent extensions [29] 33|, (66-68].

2.3.1 Counter & Bleaching Strategies

The original WiSARD architecture suffers from a main concern: overfitting by sat-
uration. Overfitting comes from the literature as a common problem of various
machine learning classifiers. As defined by authors in [59], it occurs when a model
cannot account for the presence of noise in the training data and after the training
phase is incapable of performing decently. In many models, some form of regulariza-
tion is done to mitigate it, introducing constraints to the learning hypothesis. In the
WiSARD case, as each address is either written or not, if noise is present or if many

training examples are presented, many addresses can be written. This may result in
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Figure 2.4: Classification using Bleaching: each address is now a counter. Depending
on bleaching threshold a different number of RAM gets activated. The output score
is still the sum of activated RAMs.

a full memory, causing ties for every decision and producing a completely random
classifier. One solution for this problem is to enhance the tuple size, but this has
the drawback of exponentially increasing the memory usage. Another solution for
this problem is a twofold mechanism: the use of counters as proposed in [69] and
the Bleaching [70] procedure or one of its variations.

The use of counters is a trivial modification of the original architecture where
instead of writing a single bit value to a RAM address, one writes integer values
to it. Hence, each address stores now a counter. The Bleaching procedure is a tie-
breaking policy and consists of an iterative process of using an activation threshold
b during the classification phase. Instead of activating RAMs that have been written
or not, only RAMs with b or more counts are activated. So, when a tie occurs, b is
sequentially incremented until there is no tie and a certain confidence threshold is
met.

A discriminator using counters and Bleaching for inference is presented in Fig-
ure [2.4], where an input vector is presented. All RAM nodes have counters instead
of simple boolean flags, and instead of activating if the address is written, the values
corresponding to the addresses pass through the Bleaching threshold b = 56. This
implies that only values greater than b activate the RAM. Activated RAMs are then
counted to form the final discriminator score.

As a final note, few works have been published focused on the Bleaching proce-
dure. Apart from the original work of [70] and the work of [71], it was only recently

that newer versions of this procedure were proposed [33].
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2.3.2 ClusWiSARD

Originally designed as a supervised classifier, the WiSARD has received extensions to
unsupervised and semi-supervised learning [72, [73]. The ClusWiSARD (CWIS) [72]
is based on the clustering paradigm and can act as an unsupervised learner or a
supervised learner.

In its supervised mode, it uses target labels, similar to a classical supervised
learner. The difference is that instead of using a single discriminator for each class,
each class can have a maximum of LD discriminators, a hyperparameter of the
model. The training phase grows a set of multiple discriminators for each class, each
class starting with an initial discriminator. Each training sample is first processed
by the network and can be accepted or discarded.

The acceptance procedure is such that each labeled example e is presented (in
a similar fashion to the inference phase) to the set D¢ of all discriminators of e’s
class (C'). If the score of that example with respect to every existing discriminator
€ D¢ is below a minimum score m, a new discriminator is created for label C' if
|Dc| < LD. Otherwise, the example is simply discarded. The minimum score m is

often combined with a hardening acceptance policy per discriminator, such as

f:m+%, (2.8)

where f is the final acceptance threshold, ¢ is the maximum number examples ab-
sorbed per discriminator, and c¢ is the current count of examples in a specific dis-
criminator. The general reasoning behind this mode is to learn multiple profiles
for each class and make the acceptance of an example easier at beginning, but as
more examples are added to a discriminator, a greater score should be required to
be accepted as an example of that discriminator.

During classification, each discriminator is treated the same way as in the orig-
inal WiSARD classifier, even if they represent the same class. An example of the
inference phase of the ClusWiSARD is shown in Figure [2.5] where an input is pre-
sented to an already trained instance. Such instance has two trained discriminators
for class A (Da1, Das), two discriminators for B(Dp1,Dps) and at least three for
class C (D¢1, Dea, Des). While Des presents the highest output score for the input,
the output is the original label, in this case the letter C.

The unsupervised mode of ClusWiSARD works similarly to its supervised mode,
but without using class label information from the data. Under the hood, all inputs
are now associated with one dummy label and a set of discriminators for this dummy
class is grown up to LD discriminators, using a scoring and acceptance policy, similar
to the supervised mode. The only difference during inference phase is that each

discriminator represents a distinct output class.
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Figure 2.5: Classification using ClusWiSARD in supervised mode. In this trained
instance, there are two trained discriminators for class A (Day, Do), two discrim-
inators for B(Dpg1,Dps) and at least three for class C (D¢y, Dea, Des). An input
is submitted for inference and D¢9 presents the highest output score for the input.
The output is the original class label, the letter C.

2.3.3 Memory-Efficient WiSARD

The initial architecture has also been studied taking the RAM model as just an
abstraction. The key idea behind all studies was to reduce the memory usage of a
naive implementation of the WiSARD architecture. One core strategy is based on
the assumption of the sparsity of RAMs that actually get written during the training
process. Instead of a physical RAM, storing 2" addresses for a n-bit tuple, some
form of dictionary or hash table is used. This solution has been used in several works
and was coined in [74] as the DictionaryWisard (or DictWisard). The use of the
DictWisard has no drawbacks compared to the original model, since no information
is lost.

The work of [74] goes further in this process of memory optimization, introduc-
ing Approximate Membership Query (AMQ) structures as a replacement for the
original RAMs. Out of these AMQ structures, the use of Bloom filters stands out
as the default RAM abstraction with demonstrated lower memory usage compared
to dictionaries. A Bloom filter is a probabilistic data structure to represent a set of
elements and is composed of an m-bit array and k£ independent hashes. It provides
a query membership mechanism to check if an element belongs or not to it with
a false positive rate e. The m-bit array is used to store the elements and the h
independent hash functions are used to select h locations of the m-bit array [74] to
insert elements.

The BloomWiSARD (BWIS) was also proposed in [74] and it is based on the use
of Bloom filters as the neuron abstraction. The hash functions used in the original

implementation were developed using a double hashing technique that leverages the
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Figure 2.6: BloomWiSARD illustrated - RAMs become lookup tables (LUT) sup-
ported by Bloom filters. Instead of a single address, the n-bit tuple becomes the
input of the Bloom filter, which uses multiple and independent hash functions. The
output of these hash functions act as LUT entries that are written.

family of MurmurHash functions as building blocks.

The training phase with the BloomWiSARD is similar to the WiSARD, but
instead of representing a single RAM address, the n-bit tuple becomes the input of
an insert operation in the Bloom filter. Hence, the n-tuple passes through k hash
functions and the k outputs of these hash functions act as update indexes of the
Bloom filter array in that neuron. This procedure is illustrated in Figure [2.6], where
an example of the class C is being written.

The inference phase is also very similar to the original WiSARD, but uses the
n-tuples as input to the Bloom filter membership query mechanism. If the tuple
is within the set according to the Bloom filter, the RAM is activated and outputs
']’ Otherwise, the RAM node is not activated and outputs ’0’. As in the original
WiSARD, the BloomWiSARD does not account for bleaching mechanisms.

2.3.4 Recent Models

The study of WNN models has gained attention in recent years, given the search

for lighter and greener models. This search is a natural answer to the omnipresent
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energy-demanding deep neural networks. In this section, some recent models are

presented, most of them developed with a focus on edge-inference.

BTHOWeN

The BTHOWEeN [33] model is a WNN architecture that expands on the BloomWiS-
ARD by implementing counting Bloom filters. It adopts the H3 family of hash
functions and replaces the bit array with an integer array, enabling the storage of
counters instead of bits, similar to the adoption of counters in the WiSARD. This
implies the possibility of bleaching mechanisms for filter-based WNN, but since the
BTHOWeN is an inference-focused model, the bleaching procedure is replaced by
a whole-model binarization [29] B3]. This technique applies a fixed and well-suited
bleaching to an already trained model, converting it again to a single-bit architec-
ture, but prone to its initial overfitting issues. This also helps to avoid an explosion
of memory usage due to the storage of integers instead of bits. Model-binarization
can also be seen as a type of bleaching coined here as Static Bleaching, since the
bleaching value is learned using validation data, but kept static throughout the clas-
sification phase. The BTHOWeN architecture also establishes the Gaussian Ther-
mometer as its binarization procedure and has shown great advances through its

FPGA implementation.

LogicWiSARD

LogicWiSARD [29] is a WiSARD implementation developed to reduce the size of
the final model. This is done by eliminating lookup tables and memories and us-
ing only logic functions on minterms. These minterms are the activated addresses
that remain after the model binarization, similar to the one applied in BTHOWeN.
LogicWiSARD presents gains of up to 99% in latency and energy per inference
when deployed in FPGA circuits and compared to FPGA implementations of other
neural networks. Compared to other FPGA implementations of WNN models, Log-
icWiSARD is capable of delivering equivalent latency with greater accuracy and less

energy consumption [29].

ULEEN

ULEEN is an acronym for Ultra-low-Energy Edge Networks [68|, another recently
published model focused on inference under energy constraints. This model is an
evolution of the BTHOWeN model and presents three key innovations: multi-pass
training, ensembles, and pruning. The multi-step training incorporated in ULEEN
is the direct result of using continuous Bloom filters. These continuous Bloom filters

store floating-point values € [—1, 1], enabling training through optimization methods
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that use the gradients of an output loss, such as the Stochastic Gradient Descent [55].
The entries in the Bloom filter are binarized using sign(z). However, since this acti-
vation is a non-continuous function, a technique called Straight-Throught Estimator
(STE) [75] is used for training. The ensemble technique is performed using additive
models, trained independently using the same training data. Pruning is adopted
mainly to reduce the cost of models, since it avoids hash computation, which is

responsible for a great stake of the model’s cost [6§].

DWN

The Differentiable Weightless Neural Network (DWN) [54] is a recently proposed
model that introduces learnable layers of lookup tables (LUTSs). It can be seen as
a reimagination of the WiSARD using multiple layers and gradient-based learning,
techniques commonly applied to MLPs. A binarized input is introduced to a first
layer of LUTs whose outputs are used to compose the next layer of LUTs. These
layers can be chained indefinitely until a final layer produces a final output summing
the outputs from the previous LUT layer. All LUT outputs are trained using multi-
step learning and a well-defined loss. The loss propagation is possible due to an
efficient extended finite difference method proposed by the authors. Instead of fixed
randomly mapped connections, its connections can also be learned, although authors

recommend limiting this to the mapping of the first LUT layer [54].

2.4 Binarization Strategies

Binarization plays a crucial role in the WNN context as it defines the network
input. Therefore, how continuous and categorical attributes should be encoded in a
bit vector is the subject of many recent works [76H78] that research WiSARD-based
systems. Here, some of the most commonly used strategies are covered, especially
those used in the development of models presented in the next chapters. Chapter
presents an analysis of most of the encodings reviewed in this chapter, together with

the proposal and evaluation of a new thermometer called K-Means thermometer.

2.4.1 Thermometers

One of the most adopted encoding algorithms by WNN practitioners is the ther-
mometer encoding [79], whose name is due to its similarity with a mercury ther-
mometer. A mercury thermometer has a maximum value, a minimum value, and
some intermediate marks. The thermometer encoding has B bits to represent a

continuous value in a discrete way. Its basic behavior can be depicted as the same
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Figure 2.7: The thermometer encoding. Bits resemble a mercury expanding through
the thermometer.
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Figure 2.8: A Linear Thermometer example is presented in Subfigure Each
dotted red line represents a threshold uniformly splitting the space in 11 intervals
using 10 bits. The encoding of value x = 0 is represented in Subfigure by the
blue-shaded area, resulting in the final vector depicted in Subfigure

as a mercury thermometer expanding through the glass. In the mercury thermome-
ter, the more expanded the mercury is, the greater the value. In the thermometer
encoding, the greater the value, the more consecutive bits equal to 1 the bit vector
has (see the analogy of Figure [2.7)).

A thermometer-encoded value x using B bits is equivalent to checking z against
T thresholds where the i-th bit of the thermometer is defined by

Regarding WNN recent literature, several thermometers have been proposed,
always following this framework of defining T" thresholds for a B-bit vector repre-
sentation of a each non-binary attribute.

In the Linear Thermometer (LT) [79], these thresholds are equal-width inter-
vals [80], such that they divide the space between the maximum and the minimum
values of the training data. This is the same as assuming a uniform distribution of
the data, as shown in Figure [2.8] In Subfigure 2.8a] the space is uniformly divided
using 10 thresholds. The encoding of value x = 0 is represented in Subfigure [2.8b]
resulting in the final 10-bit vector depicted in Subfigure 2.8¢

In the Gaussian Thermometer (GT) [33, 1], the assumption is that the data

follow a Gaussian distribution with mean and standard deviation obtained from
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Figure 2.9: A Gaussian Thermometer example is presented in Subfigure Each
dotted red line represents a threshold splitting the space in 11 intervals using 10 bits.
The encoding of value x = 0 is represented in Subfigure by the blue-shaded
area, resulting in the final vector depicted in Subfigure .

the training set. In this case, the thresholds denote quantiles of the Gaussian dis-
tribution. The GT is exemplified in Figure [2.9] with Subfigure showing the
divided space using 10 thresholds. The encoding of value x = 0 is represented in
Subfigure 2.9D] resulting in the final 10-bit vector depicted in Subfigure [2.9¢]

The Distributive Thermometer (DT) [78] drops this Gaussian assumption, mak-
ing no assumption of the sample distribution. Each threshold is obtained using a
quantile of the training set, dividing the space into B + 1 equal frequency intervals
which are represented by each bit in the final representation. Figure [2.10] explains
the Distributive Thermometer using a set of six subfigures. Subfigures [2.10a)]
and show the difference between thresholds and the encoding of the value
x = 1 using 10 bits and the Distributive, Linear, and the Gaussian thermometers,
respectively. The blue-shaded area represents bits that get activated and marked
with a one in the final representation. In Subfigures[2.10d], 2.10¢, and [2.101 the final
encoded vectors are presented for the value x = 1 using the Distributive, Linear,

and Gaussian thermometers, respectively.

2.4.2 KernelCanvas

The KernelCanvas (KC) [82] was proposed to tackle the time-series problems. It is a
dual normalization and binarization method that tries to mimic the act of painting
on a canvas. Instead of using a matrix to represent a discrete canvas, KernelCanvas
uses K - a set of kernels - to divide the space similarly to a Voronoi diagram. Each
kernel is defined as a randomly sampled point k € [—1,1]¢, where d is equal to the
number of dimensions of the canvas and the original input.

The main KernelCanvas steps are summarized in Algorithm [2) which

assumes that five functions are defined: calculateDimensional M ean,
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Figure 2.10: The encoding of value x = 1 using a Distributive thermometer is
presented in Subfigure[2.10a] by the blue-shaded area. Each dotted red line represents
a quantile/threshold splitting the space in 11 intervals using 10 bits. The Linear
and Gaussian thermometers for the same training data and sample are presented
in Subfigures 2.10b] and [2.10¢, The respective final 10-bit vectors are shown in

Subfigures 2.10d] [2.10¢, and [2.10f

Algorithm 2 KernelCanvas - Transforms a sequence of points € R? into a binary
vector € {0,1}7

Input:
sequence > Arbitrary size sequence of points € R?
K > The kernel set (random points € [—1, 1]%)
K > The number of kernels to activate
Output:
input__vector > The final binarized input vector
1: for it _idx <1 to B do
2: input_vector|[bit_idz] < 0
3: end for
4: for dim < 1to d do
5: means|dim] < calculate Dimensional M ean(dim, sequence)
6: stds[dim] < calculate Dimensional Std(dim, means, sequence)
7: end for
8: for all point € sequence do > Apply dimensional Z-score and tanh
9: for dim < 1to d do
10: new Point[dim| < tanh(zscore(point, means, stds, dim))
11: end for
12: activatedKernels < findknn(newPoint, K, k) > Find newPoint’s x nearest
neighbors € K
13: for all kernel € activatedKernels do > Activate each kernel using 5 bits
14: for bit + 1 to $ do
15: bit _idx < (kernel — 1) x 5 + bit
16: input _vector|[bit_idz] + 1
17: end for
18: end for
19: end for
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calculate Dimensional Std, zscore, tanh, and  findknn. The
calculateDimensional Mean receives dim, a dimension index, and the whole
sequence of points and calculates the sample mean with respect to the spec-
ified dimension. The calculateDimensionalStd operates in a similar way to
calculate Dimensional M ean, receiving also the pre-calculated means to output the
sample standard deviation (std) with respect to the specified dimension dim. The
zscore function uses both means and stds to calculate the Z-Score of the point

with respect to dimension dim. The Z-Score is defined as

point|dim] — means[dim)]

Z im — ; s 2.10
d stds|dim] (2.10)
and the tanh function is the hyperbolic tangent function, defined as
et — o=
tanh(r) = —— 2.11
anh(e) = S, (211)

where e is the Euler’s number. Nonetheless, the findknn function receives three
arguments: p — a point € [—1,1]¢, K — a set of kernels/points € [—1,1]¢, and k — an
integer, and outputs the rk-nearest neighbors of p within /C.

In a nutshell, an arbitrary size sequence of values € R? is presented as input
and each dimension of each point in the sequence is standardized using the Z-Score
(with respect to the sequence) and the tanh function to fit normalized values in the
range of [—1,1]%. Each point is then mapped to k = X x |[K| kernels that are closer
to it on the canvas, where A € (0,1) is called the activation rate. All kernels are
represented by the same number of bits 3, and each activated kernel is marked with
an array of 5 consecutive ones in its index. A non-activated kernel receives an array
of B consecutive zeros. The final vector representation is a single 1-D binary vector
of size B = |K| x ( bits.

Figure [2.11] illustrates a toy example of a KernelCanvas application, divided
in three subfigures. Figure shows a 2-D plane with several kernels dividing
it. These kernels are painted in Figure [2.11D] representing activated kernels in a
sequence of points. These activated kernels result in the final vector with 16 bits
and 1 bit per kernel, as shown in

2.4.3 KDTree Binarization

The KDTree binarization is another spatial-based binarization procedure. The main
idea is to split the R¥ space in [ regions using a KDTree [83], being ! the number of
leaves in the tree and K the number of dimensions of each data point. The algorithm
has been proposed initially in [77]|, with the trajectory classification application in

mind. In a context of sparse datasets, the goal is the same as the distributive
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(a) (b) ()

Figure 2.11: Example of KernelCanvas space partitioning. In Subfigure |2.11a|, ker-
nels (points) define regions of a 2-D plane, which are painted in Subfigure 2.11D)
resulting in the final vector of Subfigure

thermometer: fit the training data in a way that bits should account for the same
amount of information in the original space.

During the training phase, a KDTree is built using every point of every training
data sample. The final vector representation is obtained by activating the tree leaves
where the points in a sequence fall in. Figure briefly depicts this process in
three steps. Subfigure [2.12a] shows a plane that was divided using a KDTree built
using the training data. A sequence of points is used as input and plotted over the
divided plane. In Subigure the cells or leaves in which the input points fall
are painted, resulting in the final vector shown by Subigure [2.12d

2.4.4 Other Encodings

There are other several ways of transforming real or continuous values into discrete
values, such as the ones presented above. Some other common strategies adopted

in the literature are described below.

One-Hot Bit Vectors

One-hot bit vectors are vectors where all bit values are ‘0’ except from one [84].
They are widely used to represent N possible outcomes in a 2V-bit vector. These
outcomes are discrete values, such as words or categories, but can also represent
discrete values that divide the sample space. In this work, the one-hot encoding is
referred to as the processing of discretizing a continuous value and representing it

as a one-hot vector. This may imply assigning a bin to a value within K predefined
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Figure 2.12: Example of KDTree space partitioning. In Figure [2.12a, a KDTree is
built based on all training data. Leaves define regions of a 2-D plane. These are

painted in Figure [2.12b} resulting in the final vector of Figure

bins and then replacing it with the one-hot vector that encompasses the designated
bin. Bin generation and assignment can vary from simple schemes such as values
falling into regular and uniform-defined intervals to more complex, such as values

closer to K-means centroids [85].

Gray Codes

Gray codes are ways of representing a value in a binary format such that in the final
representation each sequential value differs by only one digit [86]. Several gray codes
have been proposed and the Binary Reflected Gray Code (BRGC) is referenced here
as the "main gray code", in the same way as in [87]. For any integer x, its value in
BRGC is given by

x
2

where @ is the exclusive-or bit-wise boolean operation.

BRGC(z) =2 ® | =], (2.12)

Cerebellar Model Articulation Controller

The Cerebellar Model Articulation Controller (CMAC) [88] is an associative memory
neural network that tries to mimic the mammalian cerebellum, a part of the brain.
Its operation is based on a large number of overlapping receptive fields and this
overlap inspired authors in [89] to propose the CMAC code. The CMAC code is an
encoding that aims to reduce the memory usage of thermometer-based encodings.
It does that while maintaining some proportionality and monotonicity of its binary-
encoded representation to the Hamming distance in their original space.

Given a real-valued input vector x € RP, each value z; is first rescaled to an
integer value z; and encoded separately into a binary vector u;. All vectors u; for

i € (1,D) are then further concatenated to form a final binary vector u. A single
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attribute binary vector wu; is given by the concatenation of K bit strings, where the

k-th string for value z; is obtained by calculating

ZZ+/{5—1

Sk,i: L K Ja

(2.13)

where k=1,... K, and then converting S ; to a binary string using Gray codes.

Minchinton Cells

Minchinton Cells (MC) [90] were developed to process grayscale images in the WNN
context. Instead of using 7' thresholds for a single attribute, each k-th element in
the final binary vector u is defined by a comparison of the values of the original
vector X. The comparison itself is called the Minchinton Cell and is two types are
defined in the literature. The Type-0 cell, defined as

and the Type-1 cell, defined as
By = (Xi — Xi1) > (X; — Xjpa), (2.15)

where X;, X; are sampled (and possibly oversampled), but kept fixed for a given k.
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Chapter 3
Graphs & Graph Learning

This chapter introduces the background information on graphs and graph learning,
such as important definitions and commonly used frameworks. Graph representa-
tions for machine learning are also introduced and discussed, such as graph kernels,

graph embeddings, and graph neural networks.

3.1 Preliminaries

As defined in the works of [91], a graph G = (V, £) is defined as a pair consisting of
V), the set of vertices or nodes, and &, its set of edges. An edge e;; is a connection
between two vertices i, € V. The most common way to represent a graph is by
using an adjacency matrix. An adjacency matrix A is a {0, 1}V*VI matrix, where
A, ; assumes a boolean value of whether there is an edge between vertices ¢ and j.
The adjacency matrix is often replaced by a weight (or proximity) matrix W, where

W, ; € R represents a quantity about the relationship between ¢ and j.

00110
00100
A=([11 0 1 1
1 0100
00100

(b)

Figure 3.1: Example of a graph with five nodes and its adjacency matrix, a 5 x 5
matrix. The edge that exists between vertices 2 and 4 is represented with Ay 4 = 1.
Also, since the graph is undirected, Ag 4 = Ay .

An undirected graph G = (V, €) is a graph where there is no distinction between
edges e;; and e;;. In this case, the adjacency matrix is symmetric. On the other

hand, a directed graph is a graph where there is a distinction between edges e; ; and
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e;i- An attributed graph has node and/or edge attributes represented as additional
matrices. Such graph G = (V,&,X,Y), where X is a |V| X a matrix representing a
attributes per node, and Y is a |£] x b matrix, consisted of b attributes per edge.
Figure [3.1] exhibits two different graph representations for a given graph G. On the
left, Subfigure displays the graphical visualization of the graph, which has five
nodes (represented as numbered circles) and five edges connecting the nodes. On
the right, the adjacency matrix of the same graph is shown by Subfigure [3.1b] as
a b x 5 matrix. The edge that exists between vertices 2 and 4 is represented with
A, 4 = 1. Also, since the graph is undirected, Asy = Ayo.

Traditional machine learning techniques, such as the classifiers used by this work,
operate on vectors of (often handcrafted) features. Thus, it is natural that adja-
cency /weight matrices may emerge as natural candidates. Nonetheless, graph-level
learning must account for permutation-invariant representations [16], and the ad-
jacency matrix of a graph is highly dependent on node ordering (or labeling). For
example, a given graph G that has |V| vertices and a given adjacency matrix A may
have up to |V|! — 1 isomorphic graphs with a different adjacency matrix due to the
permutation of its node ordering [92].

Below are presented some context on graph machine learning and a selection of

representation methods that are alternatives to the adjacency matrix.

3.2 Machine Learning on Graphs

Graph machine learning can be divided into several task-driven categories [27, O1].
Here, a taxonomy is presented based on the elements of the graph involved, with
some examples that help illustrate the problems that each category is trying to solve.
Classical machine learning problems such as classification, clustering, and regression

have all their counterparts in the context of graph learning.

Node-Level Learning In the heart of node-level problems lies the node repre-
sentation problem and the node classification. There are uncountable works where
the main goal is to propose or learn a representation of a node [27]. Given that
learned representation, the next step is to try to predict a property or label that a
node should receive. If such property or label is not given as part of the problem, it

becomes a clustering/unsupervised problem, similar to a community detection [27].
Edge-Level Learning Sometimes the object of machine learning are the edges of

the graph. A task is labeled as edge-level learning if it consists of predicting whether

an edge should exist between two nodes or predicting an edge property or label [93].
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Graph-Level Learning At last, there are graph-level tasks, where the central
learning element is the whole graph [91]. This task is where lies one of the main
focus of this work: graph classification. Graph classification is the supervised task
of predicting a label in an unlabeled graph. The graph representation learning is
also a common task, in a similar fashion to node representation learning. Graph
generation is another problem where the main goal is to generate or reconstruct a

graph.

3.3 Graph Statistics and Bag-of-Nodes

The bag-of-nodes (BON) strategy is a naive approach to aggregate node and fine-
grained measures of a graph to compose a graph-level representation [91]. This
aggregation itself can be done using histograms or any other method, such as a
simple count, sum or mean. Below are described some measures that are relevant
to the development of this work. It is important to note that there are several other
node, edge, and graph statistics. Many were considered to be included in this study;,
but were discarded due to different reasons, such as time and space complexity,
similar to the works of [94]. The reader should refer to the works of [95, 06] for a

more robust review of node centralities and other graph-level measures.

Node Degree

One of the most basic and primarily used node-level measures. The node degree is a
local node statistic that counts the neighbors of a node, vertices that are connected
in the graph to a specific node 7. Mathematically, in an undirected graph, the node
degree d(i) is defined by the cardinality of AN/ (i) where

NG ={keV| (k) €& ik} (3.1)

For directed graphs, two node degrees are observed: the in-degree and the out-
degree. The in-degree d;, (k) is defined by the cardinality of A, (i) where

Nin(i) = {k €V | (k,i) € i # k}. (3.2)
Similarly, the out-degree d,.(k) is defined by the cardinality of Ny, (i) where
Nowi(1) ={k €V | (i,k) € E,i # k}. (3.3)

The node degree has a trivial complexity of O(|£]), being a measure that naturally

scales well.
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Node Centralities

Node centralities play a key role in graph analysis [97]. A node centrality defines
how important a node is in a graph or a subgraph of the original graph according

to some heuristic or goal [91].

PageRank One of the most prominent node centrality is the PageRank central-
ity [98]. Largely used, the PageRank centrality is also famous for being one of
the original building blocks of the Google search engine. With « being a constant
€ (0,1), the page-rank pr; of a node i is defined as follows:

1
pri =« Z o () pri + (1 — «). (3.4)
KEN, (i) %

The original PageRank article [98] describes it as an algorithm with fast con-
vergence, especially on real networks, which tend to have a very sparse adjacency
matrix. Its exact complexity time depends on the algorithm used for its calculation.
It is shown in [99] that, for some cases, the time complexity of the power method is

linear in |V)|.

Clustering Coefficient The clustering coefficient is another relevant node cen-
trality that indicates how clustered nodes tend to be in a graph [100]. For a directed
graph, given a vertex ¢ where [N (i)| = k;, there are up to ¢paz; = ki X (ki — 1)
edges between all vertices € N, (i). Hence, ¢, is defined as the fraction of edges
that exist over neighbors of i over ¢4, - the maximum number of edges that
could exist. The undirected variation is analogous, taking into consideration that
Crmaz,i = W This measure has a direct interpretation in the context of a social
network, quantifying how many friends of a given node are also friends between

themselves.

Onion Decomposition

The Onion Decomposition is both a local and global-level graph descriptor conceived
by gathering more information during the k-core decomposition algorithm of a graph.
The k-core decomposition on its own is a core-periphery analysis tool that aims to
define a graph’s center (or core) of and its periphery (or shell) [I0I]. A k-core is a
maximal subgraph where every node has at least degree k. The k-shell is the set of all
nodes that belong to the k-core but not to the (k+1)-core. A layer is defined in [I0T]
as the number of peeling passes needed to reach a given node. Authors in [101] also
define the onion spectrum, the fraction of nodes that belong to a specific layer.

This spectrum can be plotted similarly to an empirical density function. The onion
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decomposition has a time complexity of O(|€|log|V|) as reported in [I0I], which

relates to the eigenvector centrality, a generalization of the PageRank centrality.

3.4 Graph Kernels

Graph Kernels (GK) are one the most used and successful approaches for graph
classification. They stand for methods that use (graph) kernel functions, which are
similarity functions defined over a pair of graphs, usually passed to a downstream
classifier such as SVM [102]. As defined in [26], let G be a finite set of graphs, Hy
a Hilbert space and ¢ : G — Hy. A kernel K between any two graphs g,h € G is
denoted as K(g, h) = ¢(g)-¢(h), the dot product of their representation in H. Such
space and feature map ¢ exist only and if only K is positive-semidefinite function.

The BON strategy presented earlier can be seen as one realization of an R-
Convolution kernel. The R-convolution is a type of kernel based on the comparison
of all pairs of substructures of a graph. Any graph vector decomposition can lead
to a new graph kernel [103], and many kernels were developed by new ways of de-
composing graphs. For instance, another simple yet effective kernel is the histogram
vertex kernel [104], where a simple histogram (graph decomposition) is built for
every graph counting their node labels. Nonetheless, any BON strategy will lead to
a new kernel.

The use of graph kernels must always be taken with care due to the time complex-
ity involved in their calculations, even if the explicit calculation might be avoided.
Besides that, the family of Weisfeiler-Lehman (WL) graph kernels [103], based on
the Weisfeiler-Lehman Isomorphism Test, is known to be a good baseline for graph
classification problems [26]. Nonetheless, there are various graph kernels defined in
the literature and the reader should refer to the works of [26, [105] for a broader

overview of graph kernel methods.

3.5 Graph Embeddings & Manifold Learning

Let a graph G = (V,&,X,Y) where V is the set of nodes, £ is the set of edges,
X € RIVI*" is a node attribute matrix with d attributes per node and Y € RIZxm
is an edge attribute matrix with m attributes per node. Graph embeddings are a
common framework for representing graphs in a vector format, such as z : G — R
Their use is motivated because downstream machine learning and analysis tools
usually expect vector-based representations instead of adjacency matrices [27].

As depicted in [I06], manifold learning resides in a class of learning where the

main assumption is that a high-dimensional data can be sufficiently expressed in
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a low-dimensional vector. Hence, methods are developed to reduce matrix dimen-
sionality, creating a graph embedding as result. Manifold learning methods are
not intrinsically graph problems, but induced into one by the creation of proximity
matrices of data points [107].

According to [27] and [93], several proximity matrices were proposed, yet all
method share the principle of matrix factorization with some form of graph struc-
ture preservation. The resulted low-dimensional matrix can be seen as a graph
representation (embedding), with each row representing a node. The reader in-
terested in these methods should initially refer to [27] and [93], but some relevant

methods are presented next.

Local Degree Profile (LDP) [44] is a graph embedding based on a vector of
node degree statistics of the neighbors of each vertex in the graph. A final graph

representation is built aggregating all nodes feature-wise (i.e., using a histogram).

GeoScattering (SCAT) [108] leverages several moments of the graph scattering
operation to compose graph-level features. This scattering operation is itself based

on diffusion wavelets.

graph2vec [109] is an application of the doc2vec [I110] model to the graph realm.
Instead of documents, it uses rooted subgraph features extracted using the WL-

kernel.

GL2vec [111] builds up on the graph2vec model using line graphs to incorporate

edges features.

FGSD [40] , the Family of Spectral Distances, uses the histogram of spectral

features derived from the graph Laplacian as whole graph embeddings.

SF [37] is a graph embedding generated by the k smallest positive eigenvalues of

the normalized graph Laplacian.

NetLSD [39] defines the heat trace signature, a collection of heat traces at dif-
ferent time scales. This heat trace is associated with a heat diffusion process on the

graph.
Feather (FTH) [112] samples over the characteristic function of a node feature

distribution over a neighborhood modeled as an r-scale random walk. Features are

pooled over node-level embeddings to create the whole graph embedding.ma
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Diffusion Wavelets (WAVE) [113] uses a similar process to [112] of sampling a
characteristic function of the distribution of node features over a neighborhood, but
using a wavelet function measuring topological similarities to define the distribution.
Features are also pooled to generate the whole graph-level embedding matrix.

There are other ubiquitous graph embeddings that use deep neural network mod-
els and have also demonstrated interesting results. Such examples are methods based
on context generation through random walks like DeepWalk [114], node2vec [115],
and struc2vec [116].

3.6 Graph Neural Networks

Graph Neural Networks are currently one of the most popular strategies regarding
graph representation. Since a key feature of deep learning is learning a representation
as part of the downstream task learning process, the so-called GNNs define the graph
representation as part of the end-to-end learning process, almost as a by-product.

The most common graph neural networks are based on the message-passing
framework. The message-passing framework is defined in [I6] as a neighborhood
aggregation strategy, where the representation of a node is iteratively updated by
aggregating its neighbors’ representation. Each iteration k captures structural in-
formation within the k-hop neighborhood of the node. Authors in [16] define the
k-th layer of GNN as

al¥) = AGGREGATE® ({hgfﬂ € N@)}) ,h{¥ = COMBINE™® (hfﬁ”, afjk)),
(3.5)

where A" is the feature vector of node v at layer k£ and A is initialized as X,, the
initial node attribute row, and N (v) is the already defined neighborhood of node v.
Different GNNs can be represented using this framework and summarized as

follows.

GraphSAGE The GraphSAGE [I17] model is formulated with AGGREGATE as

alk) = MAX({ReLU <W : hg’f—”) NueN (v)}), (3.6)

where W is a learnable matrix, MAX is element-wise max-pooling, - represents ma-
trix multiplication, and ReLU is the Rectified Linear Unit activation function [I1§].
The COMBINE step is formulated as

N (h("“l) ]a<k>), (3.7)



where | represents the concatenation of both vectors.

Graph Convolutional Network The Graph Convolutional Network (GCN) [15]
is represented with AGGREGATE and COMBINE operations together, leading to

h{F) = ReLU (W . MEAN ({hgf—”, Vu € N(v) U u})) (3.8)
where MEAN is element-wise mean-pooling.

Graph Isomorphism Network The Graph Isomorphism Network (GIN) [16] is
also represented in this framework with AGGREGATE and COMBINE operations
together and the k-layer is defined as

hg’“):MLP(k)((lJre(’“))-hf,k1)+ > hg“)), (3.9)
ueN (v)

where € is a learnable parameter or a fixed scalar, MLP is a multi-layer perceptron
block.

Most of the groundwork for graph neural networks was done on generating
node embeddings. Generally, node embeddings still need some sort of pool-
ing/aggregation /readout operation to create graph-level representations. A stan-
dard readout operation is to use element-wise pooling functions, such as max, sum
or mean. Hence, a graph-level representation is simply created by adding or averag-
ing node embeddings within a graph. These simple pooling functions were discussed
in [I6], where authors argue that the sum pooling has more expressive power for
multiset representations, like graphs, but other functions may emphasize different
graph characteristics.

Since the initial works of [117], complicated aggregation schemes for GNNs
were proposed, such as using LSTM [I19] models or composing multiple read-
outs [120, 121]. Many were initially proposed for neighborhood aggregation, but
can be applied for generating graph-level representations, like the SortPooling [122],
top-k pooling [123], SAG [49]. There are uncountable works that propose different
readout methods, but no pooling scheme is capable of superior performance in all
datasets at same time [21]. A more complete overview of these methods can be
found in |21} 46, 124]. Nevertheless, the work of [3] also presents a more detailed

review of graph-level learning approaches.
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Chapter 4
K-Means Thermometer

As discussed in Section WNN models rely on binary vector as inputs, with
the thermometer encoding standing out as the most adopted approach. This is
mostly corroborated by the works of [76], where different encodings were evaluated
for an image classification problem and the thermometer encodings’ performance
was clearly the best. Following this work, different thermometers have been pro-
posed, with the Distributive Thermometer [78] becoming a standard in latest WNN
research. Even with its omnipresence, results in the original article and in all the
literature on discretization, binarization, and quantization methods show a huge
path for further thermometer exploration.

Building upon this fact, a new thermometer is proposed in this chapter, based
on the K-Means algorithm. An evaluation is also performed using almost all the
datasets explored in [78] using the Dictionary WiSARD model (referred as WiS-
ARD or WIS for brevity) and the recently proposed DWN [54]. The analysis is
also extended to one-hot counterparts of the thermometers and other shallow classi-
fiers such as the NaiveBayes and RandomForest. This evaluation is very important
to establish the thermometer encoding as the prevailing binarization procedure for
weightless models and evaluate if thermometers are only relevant in the WNN con-

text.

4.1 The K-Means Thermometer

Vector quantization (VQ) has been used in the signal processing area as one way
of obtaining meaningful yet compact digital representations [125]. A well-known
algorithm used for VQ is also a clustering algorithm, the K-Means algorithm. The
quantization in this case is performed by using the centroids as prototypes of the
signals that are closer to it. Hence, given k prototypes, an encoded value s = 1,..., k

can be used to store the approximated signal.
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(a) (b) (j)

Figure 4.1: The thresholds for a K-Means thermometer are presented in Subfig-
ure [L.1a] Each red dashed line represents a threshold splitting the space in K + 1
intervals using K = 10 bits. Blue dotted lines illustrate the K-means centroids.
The encoding process for the value x = 1 is represented in Subfigure by the
blue-shaded area, which results in the final binary input vector depicted in Subfig-

ure .

Finally, a K-Means-based thermometer (KT) is proposed. Instead of using quan-
tiles or a linear approach to binarize values, univariate K-means centroids are used.
Each non binary valued attribute distribution can be clustered into K centroids
for a vector of size K. These 1-D centroids can be easily sorted in ascending or-
der, with each centroid ¢ having one rank r assigned to it, such that ¢, < ¢, for
r € [1, K]. A naive way of binarizing a value is to first transform it to the rank of
its closest centroid. Then, this rank is used as the number of bits marked as 1 in
the thermometer.

Another almost similar way of thinking is to use the threshold for bit i as the
mean value between c¢;_; and ¢;. This approach is more computationally efficient
as it avoids the nearest neighbor calculation, but requires the definition of ¢y. In
this work, ¢y is suggested as the minimum observation of the dataset. The KT is
demonstrated in Figure [I.1], in a similar way to Figure 2.9, Subfigure shows
the divided space using K thresholds (red dashed lines) and the K-means centroids
(blue dotted lines) obtained by the K-means algorithm with K = 10. The encoding
of the value x = 1 is represented in Subfigure |4.1b] resulting in the final 10-bit vector
depicted in Subfigure

As a note, the uni-dimensional problem addressed here is known to be polyno-
mial [126], which is closely related to Jenks Natural Breaks [127] and is frequently
referred as the optimal quantization. Nonetheless, there is no evidence in the liter-

ature of a thermometer using this quantization as basis for its thresholds.
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4.2 Experimental Setup & Results

The experiment analyzed the effects of the use of the proposed K-Means thermome-
ter in several datasets previously used in [78] and [33]. These are relatively small
datasets from the UCI datasets[[] All datasets were evaluated in 80-20 % training-
test splits, except for MNIST and FashionMNIST, where the original training-test
splits were used. In addition, all models were validated using a ten-fold cross vali-
dation using a 90-10% split, with the model with the best validation accuracy being
trained in the full training data and evaluated against the test fold. All encoding
strategies were subject to the same representation size, i.e. all thermometers had
the same search space, being 2,4, 8 or 16 bits for the MNIST and FASHIONMNIST
datasets, and 2, 4, 8, 16, 32, 48 or 64 bits for all other datasets. Each pair of classifier
and encoding were evaluated with ten different random seeds, except for the DWN
ones, which were used five different seeds. The evaluated WiSARD classifier was
the DictionaryWiSARD with Bleaching activated derived from the wisardpkg [32].
The DWN architecture was experimented using the authors implementation avail-
able on GitHub [ using a fixed two-hidden layer architecture with 2048 and 1024
bits, respectively. The RandomForest and NaiveBayes implementations were taken
from the scikit-learn [85] python library, with the Bernoulli NaiveBayes implemen-
tation being used, except where noted. Full hyperparameter settings are provided
in Appendix [A.]]

The next sections analyze different aspects of the same experiment. Each sec-
tion has its dedicated analysis, but all tables (from Table to share two
ranking measures: the average L1-norm between the strategy’s result and the best
result for the dataset, and the average rank of the strategy. These values are cal-

culated considering all strategies. A full table with all results is provided in the

Appendix [B.1]

4.2.1 Thermometers and the WiSARD

In Table it is presented the mean accuracy and standard deviation using the
WiSARD classifier for all thermometers in all datasets. Many datasets have the
Gaussian Thermometer as the best strategy, resulting in the GT being the best
ranked thermometer. This result may have occurred because many datasets tend to
follow a Gaussian distribution. Concerning the L1-norm, the results show that the
Distributive Thermometer is the best alternative, closely followed by the proposed

K-Means Thermometer.

Thttps://archive.ics.uci.edu
Zhttps:/ /www.github.com /alanbacellar/DWN
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Thermometers

Dataset Distributive Gaussian K-Means Linear
Ecoli 0.819 4 0.053 1 0.834 £+ 0.023 HIRSYA==INZGE 0.834 + 0.059

RIS KR 0.767 + 0.029  0.913 £ 0.005 0.584 + 0.010
0.826 £ 0.002 HIRZSE==NINIVENIRZSIENINVOI 0.539 + 0.001

EEG Eye State
Fashion MNIST

Glass ORECESCNGEY 0.743 &+ 0.051 0.714 + 0.053 0.700 & 0.052
Iris 0.937 4 0.040 0.950 + 0.036 0.947 + 0.023

Letter 0.942 + 0.004 [[EEEESONIEY 0.944 £ 0.003 0.942 + 0.003

Maggic Gamma Telescope | 0.856 £ 0.006 0.847 + 0.005 HORHYA==ROROIIN 0.834 + 0.003
MNIST 0.949 =+ 0.001 JEIFESOXIGN 0.959 + 0.001 ~0.961 & 0.001
SatImage 0.899 = 0.006 EOEEENIIF@ 0.399 = 0.009 0.896 + 0.008

Shuttle 0.998 £ 0.001 0.998 & 0.000 0.998 = 0.000 [KIEEFREINNINI]]

Wine OEEENRON 0.969 + 0.025 0.949 =+ 0.030 | 0.974 & 0.025

0.028 0.059

Avg. L1-Norm 0.037
Avg. Rank 13.091 13.636 16.545

Table 4.1: Mean accuracy and standard deviation for all evaluated thermometers
in all datasets (mean over 10 runs with different seeds) for the WiSARD classifier.
Best results are highlighted with a black background.

4.2.2 One-Hot Counterparts for the WiSARD

As mentioned in Section one-hot binary vectors can be used to represent discrete
values that divide the sample space. If thermometers define B 4 1 intervals using B
thresholds and B bits, a similar one-hot encoding can be constructed using the same
B bits, but B intervals. Instead of filling all bits up to to ¢-th bit of the vector, a one-
hot counterpart of a thermometer uses the same method used to define thresholds in
the thermometer, but define B intervals and only sets to one the bit related to the
interval into which the value fall. Hence, a one-hot counterpart does not account for
the proportionality between the L1-norm of the original values and the Hamming
distance between the encoded values.

Moreover, in addition to the initial evaluation, it was also evaluated whether the
thermometers are a better option than using one-hot counterparts (OH) for WNN.
This was done evaluating values encoded using one-hot counterparts of the evaluated
thermometers in conjunction with the WiSARD model. The one-hot counterparts
were developed using the KBinsDiscretizer class readily available from the scikit-
learn python library [85].

Table presents the results of this evaluation. In comparison with Table [.1]
the first conclusion is that the thermometer is indeed a better encoding for the WiS-
ARD classifier than the OH counterparts in terms of accuracy. This fact is consistent
with previous literature [76]. Among the counterparts, the K-Means variation is a
clear winner, with the other two having a similar performance. Moreover, an inter-
esting fact is that this one-hot variation has a better result regarding the average

L1-norm than the Gaussian and the Linear thermometers.

37



One-Hot Counterparts

Dataset Distributive K-Means Linear
Ecoli 0.769 £+ 0.048 = 0.799 + 0.062 HORJUVR==RIN1Z%]
EEG Eye State 0.751 £ 0.012 WONCEE==NIKIEM 0.615 + 0.016
Fashion MNIST 0.812 £ 0.002 WORIEE==MIKIERN 0.303 + 0.002
Glass 0.629 £ 0.094 MOKYCEE=NIKYER 0.614 + 0.070
Iris 0.920 £ 0.028 WUKSRRE==NIKIEYE 0.913 + 0.036
Letter 0.767 £ 0.007 JONEEE==NIROEN 0.782 + 0.011
Maggic Gamma Telescope 0.790 4+ 0.010 | 0.800 £ 0.012 HIRP2E==R0RL"]
MNIST 0.931 £+ 0.002 NUEZGI==NIKI2E 0.944 + 0.002
SatImage 0.861 £ 0.008 MOREE==NIKIE 0.865 + 0.008
Shuttle 0.993 £ 0.003 ' 0.995 4 0.002 EOKSIR==RIN0[IR]
Wine 0.923 £ 0.066 0.911 4 0.041 [EOKRIN==NINIZY]
Avg. L1-Norm 0.093

0.1
Avg. Rank 26.364 26.364

Table 4.2: Mean accuracy and standard deviation for all evaluated one-hot coun-
terparts in all datasets (mean over 10 runs with different seeds) for the WiSARD
classifier. Best results are highlighted with a black background.

4.2.3 Thermometers and the DWN

Continuing on the analysis of thermometers for WNN, it was examined how the
different thermometers reflect on the recent DWN architecture. These results are
shown in Table[4.3] which shows a similar behavior to Table[4.1| where many datasets
have good results with the Gaussian Thermometer. In spite of this fact, the K-
Means Thermometer is the best ranked thermometer. Also, with respect to the
L1-norm, the Distributive Thermometer is again the winner, but with even closer

results compared to the WiSARD evaluation.

Thermometers
Dataset Distributive Gaussian K-Means Linear
Ecoli 0.815 £ 0.035 ' 0.825 £ 0.043 ROREZE==NIKO*E (0.8516 £+ 0.049
EEG Eye State 0.721 + 0.030 0.883 & 0.009 0.544 + 0.035
Fashion MNIST 0.870 + 0.003 0.869 =+ 0.003 0.870 + 0.003
Glass INV(ra==R0RIC 0.752 + 0.052 0.740 = 0.072 0.710 £ 0.074

Iris 0.940 £ 0.034 JUKSHIUE=RIREYE 0.943 + 0.032 0.923 + 0.074
Letter ORCLY RIS 0.953 + 0.003 0.953 + 0.004 0.952 + 0.003
Maggic Gamma Telescope 0.816 4+ 0.010 HIRPAR==NIKI0E 0.818 + 0.011 0.800 £ 0.016

MNIST (RISOEOOOOY 0.981 + 0.001 0.981 £ 0.001  0.981 + 0.001
SatImage OEEEIESOTTR RSO 0.396 + 0.005 0.896 + 0.009
Shuttle 0.998 £ 0.001 (EESEONOY 0.996 + 0.007
Wine 0.963 + 0.036 [EIEUOEDY 0960 + 0.024 | 0.963 & 0.038
Avg. L1-Norm 0.039 0.026 0.065
Avg. Rank 12.000 11.909 17.727

Table 4.3: Mean accuracy and standard deviation for all evaluated thermometers in
all datasets (mean over 5 runs with different seeds) for the DWN architecture. Best
results are highlighted with a black background.
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4.2.4 One-hot Counterparts for the DWN

Similar to Section [4.2.2] the effects of one-hot counterparts on the DWN were eval-
uated. In Table [4.4] the reader can see that the DWN exhibits a similar behavior
to the WiSARD classifier, where thermometers play a key role in the final accuracy
of the model. Comparing this table with Table [£.3] all thermometers counterparts

perform better than their one-hot variations.

One-Hot Counterparts
Dataset Distributive K-Means Linear
Ecoli 0.751 £ 0.037 | 0.760 + 0.052 HON(IR==RINIRY¢

EEG Eye State INECR=RN02Z (0.733 £ 0.018 0.534 + 0.041
Fashion MNIST 0.859 4 0.003 EORIR==RINI0ZN 0.860 £ 0.004
Glass IGYARE=RNEPE 0.648 + 0.049  0.667 = 0.082
Iris 0.910 £ 0.042 EUEIRE==R(NILEE 0.903 + 0.037
Letter ORCUI==RORION 0.891 £+ 0.006 0.891 & 0.006
Maggic Gamma Telescope JIRISIE=NINUIEN (0.787 + 0.014 0.771 4+ 0.012
MNIST (URSar==0N00I 0.978 + 0.001 0.978 £ 0.001
SatImage 0.870 & 0.013 WORYAR==NONVOr@ 0.868 + 0.012
Shuttle 0.998 £ 0.001 0.998 &£ 0.001 NORCEER==R0N0[0)é
Wine 0.909 £ 0.044 0.909 £ 0.040 WORCIVCR==RON0[i¥é
Avg. L1-Norm 0.066 0.074 0.094
Avg. Rank 21.727 21.909 26.000

Table 4.4: Mean accuracy and standard deviation for all evaluated one-hot counter-
parts in all datasets (mean over 5 runs with different seeds) for the DWN classifier.
Best results are highlighted with a black background.

4.2.5 On the Effects of Thermometers in Non-WNN Models

It was also verified whether these results persist when using other classifiers, such as
the RandomForest and the NaiveBayes. This analysis is important to assess whether
other types of classifiers may benefit from encodings that were originally developed
for WNN models. Table shows the mean accuracy and standard deviation of
all thermometers in all datasets for the RandomForest classifier. It is interesting to
see that for this classifier, the K-Means thermometer is the best thermometer al-
ternative. Results for the RandomForest classifier using thermometers are generally
better than any WNN classifier. This is somewhat expected because it is a very
strong ensemble method.

Table presents the same metrics for the NaiveBayes classifier, which performs
poorly compared to any other classifiers, except for the Wine dataset, where it has
the best performance over all strategies when using the Distributive Thermometer.
The results also suggest that the proposed K-Means Thermometer when combined

with the RandomForest classifier is the strongest thermometer strategy overall.
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Thermometers

Dataset Distributive Gaussian K-Means Linear
Ecoli 0.834 + 0.040 0.839 £ 0.033 QIRZEIE=MINIZY@ 0.843 + 0.042
EEG Eye State 0.940 £ 0.004 0.851 &+ 0.022 HOREYEENINIILE 0.612 4 0.025
Fashion MNIST 0.872 £+ 0.001 = 0.877 & 0.001 WORYLEE=NIKIW 0.877 & 0.002

Glass 0.767 & 0.071 0.767 £ 0.047 HINESI==NINEYE 0.774 + 0.072

Iris 0.937 £ 0.029 1 0.947 &£ 0.017 0.940 £ 0.026 HIRLYE==RINIEY

Letter 0.960 + 0.003 ' 0.963 £ 0.002 0.962 £ 0.003 HORSleyE==RINI01I

Maggic Gamma Telescope [KIRYER==RINV0EIR4I==R NSRSV R==R0R0EM 0.869 + 0.005

MNIST 0.970 + 0.000 OESFEI==RIRI(ERNIRrRI==RIKI0I 0.972 + 0.001
Satlmage 0.911 £ 0.007 EUEAPA==RVRVOIVEIDA==0N0i/@ 0.911 + 0.007
Shuttle 0.998 £ 0.001 EURCIERA==RVEVONRRRORCICR=0N0l 0.998 + 0.000
Wine 0.974 £+ 0.021 EUEEEIE=NIEOGE 0.971 + 0.023 HIKKEE==RINIIE
Avg. L1-Norm 0.011 0.016 0.037
Avg. Rank 8.091 5.727 7.455

Table 4.5: Mean accuracy and standard deviation for all evaluated thermometers
in all datasets (mean over 10 runs with different seeds) for the RF classifier. Best
results are highlighted with a black background.

4.2.6 One-Hot Counterparts in Non-WNN Models

In a similar fashion to the analysis for the WNN models, one-hot counterparts
were examined in non-WNN classifiers alongside a No-Encoding strategy (NoE).
t caveat is that The NoE strategy cannot be directly applied to the NaiveBayes,
where a Gaussian Naive Bayes was used instead. Table presents results for the
RandomForest model. Comparing it with related previous table, it can be also
concluded that using a thermometer is better than using a one-hot counterparts for
the RandomForest, except for the Linear Thermometer, which performs relatively
similar to some one-hot strategies regarding the RandomForest classifier. The clear
fact is that the No-Encoding strategy is still superior and the best strategy overall.

Considering the NaiveBayes results in Table [4.§] the one-hot counterparts per-
formed better or similar to the respective thermometers, implying this classifier
might not benefit from thermometer encodings. This is quite understandable due
to the independence assumption that is the base of this classifier. The thermometer
encoding creates a relationship of dependence within the bits of an attribute such
that each i-th bit can only occur if the (i — 1)-th has occurred. As a final remark,
the NoE Naive Bayes alternative performs the worst among all alternatives using

NaiveBayes.

4.2.7 Other Encodings

Another important evaluation is the performance evaluation of other encodings pro-
posed and used in the WNN literature in comparison with the thermometers. The
use of the CMAC encoding and the Minchinton Cell Type-0 (MC) encoding was an-
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Thermometers
Dataset Distributive Gaussian K-Means Linear
Ecoli 0.806 & 0.047 0.827 £ 0.047 = 0.828 £ 0.046 HORZIR==NINEY
EEG Eye State 0.603 £ 0.013 0.577 &= 0.011 HOKIVA==RONIERW 0.584 + 0.012
Fashion MNIST 0.671 & 0.000 0.709 £ 0.000 EeNaVE==NIKI0EM 0.709 £ 0.000
Glass 0.605 & 0.071 HOKHEE=RINI¢N 0.617 == 0.070 0.581 £ 0.067

Iris 0.937 £ 0.029 0.933 £+ 0.035 EIRZYE==NINPRE 0.943 + 0.035

Letter 0.658 + 0.008 0.671 £ 0.007 = 0.677 £ 0.009 HOKGNR==RNI[0ig

Maggic Gamma Telescope 0.785 £ 0.009 0.775 + 0.005 HONEEE==MOKIIE 0.786 + 0.006
MNIST 0.837 £ 0.000 0.846 4 0.001 = 0.846 = 0.000 WORZYE==RIR¢}

SatImage 0.779 £ 0.007 0.788 £ 0.009 ' 0.792 £ 0.010 HONEEE==NINIIE]
Shuttle 0.795 £ 0.006  0.838 4 0.003 = 0.857 £ 0.010 NORSIZE==RIX0}E
Wine RN 0.977 + 0.012  0.983 £ 0.015 0.971 £ 0.027

Avg. L1-Norm 0.155 0.143 0.136
Avg. Rank 28.636 27.545 25.727
Table 4.6: Mean accuracy and standard deviation for all evaluated thermometers in

all datasets (mean over 10 runs with different seeds) for the NaiveBayes classifier.
Best results are highlighted with a black background.

One-Hot Counterparts

Dataset NoEncoding  Distributive K-Means Linear
Ecoli IRIRENINIZVE 0.799 + 0.061 0.764 £+ 0.053 ' 0.801 £ 0.040
EEG Eye State (UReRLI=HINIIEM 0.865 = 0.005 0.855 £ 0.012 0.619 £ 0.018
Fashion MNIST RSEI=-HNIO 0.866 + 0.001 | 0.868 £ 0.001 0.868 £ 0.001

Glass (IR HINZEE (0.745 £ 0.084 0.717 £ 0.062 0.667 £ 0.059
Iris 0.943 £ 0.032  0.937 £ 0.033 JOKShYa==RINIEYE 0.940 £+ 0.044

Letter RSTZE=NONIEE 0.928 + 0.003 0.912 £ 0.004 0.911 £ 0.004

Maggic Gamma Telescope MIRSER==RINIIGM 0.858 £+ 0.005 0.853 £ 0.008 0.846 £ 0.007
MNIST URrAR=NINII 0.966 + 0.000 | 0.968 £ 0.001 0.967 £ 0.001
SatImage URIRIENON 0.886 + 0.007 | 0.892 £ 0.009 0.892 £ 0.008

Shuttle ORCIENONIM 0.998 + 0.000 | 0.998 £ 0.001 0.997 £ 0.003

Wine 0.969 £+ 0.037 NUESKIUE=NNA@ 0.957 + 0.031 0.963 £ 0.036

Avg. L1-Norm 0.08 0.039 0.063
Avg. Rank 23.636 15.273 18.818
Table 4.7: Mean accuracy and standard deviation for all evaluated one-hot counter-

parts + the No-Encoding approach in all datasets (mean over 10 runs with different
seeds) for the RandomForest classifier.

alyzed, instead of thermometers and one-hot encodings. Table shows the mean
accuracy and standard deviation of the CMAC and Minchinton Cell encodings on
all datasets for both evaluated WNN classifiers. It shows that the CMAC encoding
is generally better than the Linear Thermometer, but also generally worse than any
other thermometer strategies for the WiSARD classifier. When using the DWN,
the CMAC performed worse than the Linear Thermometer. The Minchinton Cell’s
strategies are generally worse than any other strategy, but in one dataset (Fashion-
MNIST) it has achieved the best result overall.

When dealing with non-WNN classifiers, Table shows that the adoption
of the CMAC encoding produces better results in terms of accuracy than using
Minchinton Cells. The RF+CMAC strategy is the fourth best strategy regarding

the L1-Norm average, only losing to the complex thermometers and to the null
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One-Hot Counterparts
Dataset NoEncoding  Distributive K-Means Linear
Ecoli 0.757 £ 0.058 0.803 £ 0.049 NEPZA==HIKIEYE 0.804 £ 0.049
EEG Eye State 0.451 £+ 0.010 | 0.679 £ 0.011 HOK§] 0.585 £ 0.017
Fashion MNIST 0.586 4+ 0.000 0.730 £ 0.000 0.735 £ 0.000
Glass 0.352 4+ 0.128 | 0.643 £ 0.079 0.636 £ 0.071 OKZEE==NINI}TS
Iris URLOE=NUNIEPE 0.910 + 0.067 | 0.930 £ 0.037 0.920 £ 0.028

Letter 0.643 + 0.007 NON@EIE=NKI@ 0.726 + 0.006 0.726 £+ 0.007
Maggic Gamma Telescope 0.726 4 0.009 | 0.773 £ 0.010 BONAGE==RIXIIN 0.768 + 0.009
MNIST 0.556 £ 0.000 0.835 £ 0.000 WIRZGE==RIKIN 0.843 £ 0.000
SatImage IVCEENNOON 0.821 £+ 0.012 0.821 £ 0.012 0.821 £ 0.013
Shuttle 0.685 £ 0.011 | 0.933 £ 0.002 ROKSE{E==RIKIIEE 0.922 + 0.006
Wine 0.963 £ 0.036 | 0.966 = 0.023 NUELERE=NKAW 0.960 £+ 0.031

Avg. L1-Norm 0.246 0.122 0.117

Avg. Rank 32.000 27.273 25.091

Table 4.8: Mean accuracy and standard deviation for all evaluated one-hot counter-
parts + the No-Encoding approach in all datasets (mean over 10 runs with different
seeds) for the NaiveBayes classifier.

CMAC Minchinton
Dataset WiSARD DWN WiSARD DWN
Ecoli (IRHHI==RINVZ2 0.807 + 0.048 0.790 4+ 0.051 0.757 4+ 0.043

EEG Eye State 0.713 £ 0.035 JUEE=RINIEN 0.674 £ 0.009 0.557 £ 0.049
Fashion MNIST 0.837 £ 0.003 | 0.870 £ 0.003 0.840 £ 0.001 ORSYEE==RIN0[)
Glass (VPR 0.717 £ 0.070 0.593 £ 0.084 0.574 £ 0.079
Iris (UCLRIERINIEI 0.910 £ 0.035 0.627 £ 0.058 0.660 £ 0.086

Letter 0.948 £ 0.004 QOKSHYR==RINIIZ® 0.913 £+ 0.004 0.922 £ 0.005
Maggic Gamma Telescope [IRZUIENNIIZE 0.812 + 0.017 0.710 £ 0.009 0.643 £ 0.029

MNIST 0.959 4+ 0.002 NUESKIR==NUNIJ@ 0.962 + 0.001  0.978 £ 0.001
SatImage (RN IN0@ 0.890 £+ 0.012 0.794 £ 0.010 0.763 £ 0.015
Shuttle (IR0 0.997 £+ 0.004 0.928 £ 0.003 0.909 £ 0.011
Wine ORSIIO==NONIRZ 0.934 + 0.056 0.843 £ 0.034 0.794 £ 0.046
Avg. L1-Norm 0.0 0.045 0.136 0.158
Avg. Rank 16.818 28.909 28.545

Table 4.9: Mean accuracy and standard deviation for all evaluated CMAC and
Minchinton Cell’s approach in all datasets (mean over 10 runs with different seeds)
for WNN classifiers. Best results are highlighted with a black background

reference. The Minchinton Cell encoding is generally worse than all other strategies
presented, but for the MNIST and FashionMNIST datasets it has a comparable

performance.

4.2.8 Visualizing the Thresholds

In order to understand the similarities between the encodings, Figure shows a
diagram similar to the one presented in [78]. This diagram compares the thresholds
generated by the evaluated thermometers when the data follows a specific distribu-
tion. In this case, three distributions are plotted using histograms: an exponential
distribution with A = 1, the rate parameter; a Gaussian distribution with mean
@ = 128 and standard deviation ¢ = 40, and a Bimodal Gaussian composition
with means p; = 5 and s = 255 and standard deviations o; = 10 and o, = 40.

The thresholds for each thermometer are plotted using dashed vertical lines. Both
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CMAC

Minchinton

Dataset

Maggic Gamma Telescope

Ecoli
EEG Eye State
Fashion MNIST

Glass

Iris

Letter

MNIST
Satlmage
Shuttle
Wine

Avg. L1-Norm
Avg. Rank

RandomForest
0.050

+ 0.015

+ 0.001

71 £ 0.075
.953 + 0.032
968 £ 0.003

0.874 £ 0.006

0.972 £ 0.000

13 £ 0.007

£ 0.000

969 + 0.025
0.014
5.455

NaiveBayes

RandomForest

NaiveBayes

0.840 % 0.062
0.666 + 0.011
0.708 % 0.000
0.633 + 0.062
0.940 % 0.026
0.692 £+ 0.008
0.787 £ 0.005
0.848 £ 0.000
0.796 + 0.009
0.917 £ 0.005
0.960 £+ 0.020

0.778 £ 0.055
0.677 £ 0.007

0.875 £+ 0.001

0.614 + 0.077
0.627 £+ 0.058
0.935 £ 0.003
0.712 £ 0.008
0.970 £ 0.001
0.809 £ 0.011
0.929 £ 0.002
0.854 £ 0.048

0.743 £+ 0.029
0.622 £+ 0.009
0.720 % 0.000
0.579 £ 0.079
0.623 £+ 0.052
0.591 % 0.005
0.646 & 0.010
0.846 % 0.000
0.720 + 0.017
0.831 &+ 0.003
0.780 % 0.050

0.137
25.727

0.126
26.000

0.224
35.182

Table 4.10: Mean accuracy and standard deviation for all evaluated CMAC and
Minchinton Cell’s approach in all datasets (mean over 10 runs with different seeds)
for non-WNN classifiers. Best results are highlighted with a black background

K-Means and the Distributive exhibit similar behavior of fitting the desired distri-

butions but with clear differences between the final thresholds.
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Figure 4.2: Histogram plot of distributions (Exponential ~ A = 1, Bimodal ~
p1 = 5,y = 255,01 = 10,09 = 40, and Unimodal Gaussian ~ p = 128, 0 = 40 )
and their division by each thermometer strategy. The dashed vertical lines are the
thermometer thresholds.

4.3 Conclusion

This chapter has debated the concept of binarization for WNN models, introduc-
ing a new thermometer encoding based on the vector quantization theory and the

famous K-Means algorithm. It has also evaluated this new encoding and other
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thermometers on different datasets. Thermometers were also compared with their
one-hot counterparts and other encodings previously adopted in the literature for
both WNN and non-WNN models. Yet, the results presented in this chapter confirm
that the Distributive Thermometer is the prevailing thermometer strategy. Despite
this fact, the proposed thermometer is a better solution in several cases than the
omnipresent Distributive Thermometer. While some encodings do not present the
best results overall, they are still capable of reaching even better performance than
the complex thermometers. The findings also indicate a cost of using binarized in-
puts compared to the No-Encoding strategy that has to be minimized. While the
literature indicates that this cost can be minimized by using bigger thermometers,
this fact still has to be verified.
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Chapter 5

Weightless Primers to Graph

Classification

After the previous analysis of the binarization problem, this chapter dives into the
task of weightless graph classification. The goal of the graph classification task is
to assign a categorical label to an unlabeled graph which is given as input. Given a
graph G = (V,&,X,Y), a model learns a function h ~ [(G), where [ : G — > and X
is a closed set of possible labels for a graph. In other words, graph classification is a
machine learning classification problem where the inputs are graphs and the labels
are graph-level labels or properties.

First, an initial attempt leverages existing tools to address the problem of graph
classification: established graph embeddings and Distributive thermometer binariza-
tion. After this brief evaluation, a second architecture is described, evaluated, and
discussed. This approach puts aside regular thermometer-based approaches in favor
of a whole-distribution binarization. Although simple, both architectures presented
here show very promising results, while preserving all the benefits of using weightless

neural networks.

5.1 Leveraging Graph Embeddings for Weightless
Graph Classification

As described in Section [3.5, graph embeddings are a common tool for solving graph
classification problems, especially when dealing with shallow learning, where unsu-
pervised graph embeddings are very important [I128]. Here, a selection of widely
spread unsupervised graph embeddings is evaluated in the context of weightless
graph classification. A non-weightless baseline is compared against a proposed

vanilla weightless architecture.
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5.1.1 A Vanilla Architecture Using Graph Embeddings

The proposed architecture can be thought of as a three-function composition: f =
C o PBo F, with a feature extraction step - F', a pre-processing and binarization
unit - PB, and a classifier - C', on the edge of it. The graph feature extraction is
performed by generating graph-level embeddings and these graph-level embeddings
form the basis for a final binary vector. The final binary vectors are conceived using
the Distributive Thermometer, which constitutes the binarization step, and are then

fed to a final classifier. This architecture is summarized by Figure [5.1}

[
\

| gl

=>

WNN CLASSIFIER =

DISTRIBUTIVE
THERMOMETER

L
— > —> \é\‘
|

|
NON-WNNCLASSIFIER

GRAPH EMBEDDINGS

Figure 5.1: Global big picture of the graph embeddings classification framework
- graph embeddings are obtained from the graph. Thus, these embeddings are
binarized or not depending on the final classifier and used as input for training or
inference.

5.1.2 Experimental Setup & Results

In the following sections, the experimental setup such as datasets and hyperparam-

eter settings are established, and results are presented and discussed.

Datasets

The task of graph classification has brought to life innumerable benchmarks and
datasets. The datasets used in this initial evaluation were the IMDB-M and COL-
LAB, composed of unattributed and undirected graphs. These datasets are part
of the TUDatasets [129], a collection of datasets that have been used in a variety
of recent works regarding graph classification and are considered to be small-size
datasets. Tables and summarize a selection of datasets from this collec-
tion that were used not only in this section, but throughout the work, representing
three types of graphs: social networks (SocNet), bioinformatics (Biolnf), and small

molecules (SmlMol).
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dataset type # Graphs #Classes Avg. Nodes Avg. Edges

COLLAB [130] SocNet 5000 3 74.49 2457.78
ENZYMES [11] [131] Biolnf 600 6 32.63 62.14
IMDB-M [130] SocNet 1500 3 13.00 65.94
MUTAG [8] [132] SmIMol 188 2 17.93 19.79
NCI1 [10] 103] SmIMol 4110 2 29.87 32.30
PROTEINS [11] [133] 134] Biolnf 1113 2 39.06 72.82

Table 5.1: Statistics of Selected TUDatasets

dataset Node Labels Edge Labels Node Attr. Edge Attr.
COLLAB - - - ,
ENZYMES Y - Y(18) -
IMDB-M - - - -
MUTAG Y Y - -
NCI1 Y - - -
PROTEINS Y - Y(1) -

Table 5.2: Attributes of Selected TUDatasets

Hyperparameter Evaluation

All graph-level embeddings described in Section [3.5] were evaluated thanks to their
availability provided from the KarateClub library [128]. No hyperparameter search
was done for these graph embeddings and they were used with their default (and
possibly best) parameters. Different WNN were evaluated: (Dictionary) WiS-
ARD, ClusWiSARD,BTHOWeN, and ULEEN. Moreover, a RandomForest base-
line is included, which does not make use of any binarization. Also, all classi-
fiers have their hyperparameters such as addressSize, for WiSARD, addressSize,
threshold, discriminatorsLimit, and minScore for the ClusWiSARD, addressSize,
unitHashes, and unitEntries for the BTHOWeN, and n_estimators, criterion,
and max__ features for the RandomForest. The ULEEN was trained using a single
configuration for all classifiers in the ensemble. This configuration has the same pa-
rameters as BTHOWeN plus others such as numberClassifiers and numEpochs.
The parameter selection methodology was exactly the same as in [I35] and a grid
search was used to find the best validation parameters and further use in a test
phase. For WNN classifiers, three possibilities of thermometer sizes (2,5,10) were
tested. Table in Appendix gives a full description of the hyperparameter

set for this experiment.
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Brief Results & Discussion

Table shows the results for the experiment and in both datasets the Random-

Forest baseline had the best overall performance. In general, all graph embeddings

performed better with the RandomForest classifier than with the weightless models.
Concerning the WNN classifiers, the WiSARD model has the best result, regardless
of the dataset. As for the graph embeddings, LDP, SCAT, WAVE, and FTH have
topped the charts with no clear winner overall. A clear fact is that WNN models
tend to give better results when combined WAVE and FTH than when combined
with other embeddings. Also, ULEEN models were not able to surpass the WiS-

ARD, even being complex ensembles. One possible reason for this fact is the reduced

number of epochs put as a constraint, but this needs to be further studied.

IMDB-M
RandomForest WiSARD ClusWISARD BTHOWeN  ULEEN
LDP 59.8 £33 638 +25  62.0+33 624+26
SCAT 65.7£28 618+29| 645+£25 63.6+34 62.3+38
WAVE 655+ 21 (623+16 644 +28 [EEEREIGCEEEY
FTH 652+ 27 [[IEEPEIIKITCEPPI 643 +22 628+35
FGSD 649 +22 579+37 628+15 615+26 603+17
SF 649 +31 548+3.0 614+31  619+20 609+24
NetLSD 64.44+30 613+1.6 645£23 @ 632+22 627426
gl2vec 56.7 £ 3.0 OOR 55.0 £2.8  55.7+29 56.6+ 2.1
graph2vec 564 + 1.7  555+£29 561 +23 556414 559+ 1.1
COLLAB
RandomForest WiSARD ClusWISARD BTHOWeN  ULEEN

WAVE 86.6£1.3 86.0+12 85.7+14 OOR
LDP 86.0+ 15 800+23 808+14 [EEREN 734+45
FTH 855+ 12 [ 843+12 848+10 766+11.5 OOR
SCAT 8484+ 09 830+11 8.0+15 T762+85
FGSD 83.3+£09 75.7+15 T75+£11  761+12 674+65
SF 825+ 11 780+1.1 789+15 | TT1£32 727424
NetLSD 80.1£09 784+ 17 791+£09 TET+74 698 +73
graph2vec 684 +33  61.1+69 64.0+£55 668 +47 582+57

Table 5.3: Accuracy and standard deviation for all evaluated classifiers and graph
embeddings on the IMDB-M and COLLAB dataset. Best results are highlighted
with a black background, second best with a gray background.
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Figure 5.2: Global big picture of a shallow classification framework - a weightless
architecture composed of three steps: a feature extraction step - F', a pre-processing
and binarization unit - PB, and a classifier - C, at the edge of it.

5.2 A Bag of Nodes Primer on Weightless Graph

Classification

Another architecture can be thought using the same structure of three consecutive
blocks: a graph measure extraction step (F'), a binarization step (PB) and a final
classifier (C'). The feature extraction step is mandatory due to the necessity of
presenting the graph structure as a vectorized learning piece to a final classifier,
but graph embeddings may not be necessary. The idea here is to build a full graph
representation as an aggregation of node and edge attributes. The binarization step
is a requirement when dealing with WNN, but it can also be applied and evaluated
using other classifiers.

This architecture specificity lies in the definition of the F' and PB steps. With
respect to the F' step, the adoption of a single measure of the graph, such as the
node degree, is proposed to create a representation of each graph. A collection of
2-D points for each node is then built. For each node, the first coordinate is the
value of the measure for the current node and the second coordinate is the fraction
of values in the graph that is greater than the current value. This is also known as
the empirical complimentary cumulative distribution (ECCDF) of the measure. An
example of such plot can be seen in Figure[5.3], where the PageRank node centrallity
is plotted. The X-axis represents an observed value and the Y-axis the fraction of
values that is lower than the observed value.

The PB binarization step resides in the application of one of off-the-shelf bina-
rization strategies. The only requirement is the ability of deal with a distribution
plot, which the thermometer does not. Some of the candidates are described in
Section - KDTree and KernelCanvas, plus two proposed in the following. Fi-
nally, the input vector is the binary vector produced by the binarization step. This
architecture is summarized by Figure [5.2] where the input graph passes through the
three colored boxes representing the steps described above and an output label is

produced.
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Figure 5.3: Example of an ECCDF plot of the PageRank node centrallity. The X-
axis represents an observed value and the Y-axis the fraction of values that is lower
than the observed value.

5.2.1 On Whole Distribution Binarization

In this section, two binarization strategies developed during this work are formal-
ized: Plot Binarization and Histogram. Different from thermometers, which binarize
scalar values, their main goal is to be able to capture a whole distribution (such as

an entire node degree distribution of graph) as a single input vector.

Plot Binarization

The Plot binarization is a simple binarization process that mimics the scatter plot
of a vector of 2-D points into a canvas, similar to the use of a visualization tool
like MatplotlibE]. The plane is divided into a regular grid with a resolution of width
columns and height rows. The z-axis and y-axis limits (plot area) are normalized
to fit the specified resolution. In other words, the pixel at position (0,0) is uses
the minimum value for both dimensions and, similarly, the pixel at position (width,
height) uses the maximum value for both dimensions. Since the procedure is based
on a plot, the axis’ scale can be adjusted (between linear or log). A visualization of
the Plot binarization is presented in Figure [5.4] which is split in three subfigures.
Subfigure shows the plot of a sequence of 2-D points representing the ECCDF of
the node degree of a graph. In Subfigure [5.4D] the plane is divided and the points of

the sequence activate cells on the regular grid. The final output vector is composed

Thttps:/ /matplotlib.org/
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Figure 5.4: Example of Plot Binarization. In Figure [5.4a] points are plotted in a
2-D canvas. A grid is adjusted using this plot as in [5.4b] resulting in the final vector

of Figure [5.4d

of the grid in a single array format, with the activated cells marked with ones and

non-activated cells with zeros.

Histogram Binarization

Another binarization process developed in this work is called Histogram binarization.
The procedure is defined as follows. A histogram is calculated for each input (a
set of node values), using a fixed number of bins in which values fall, defined by
the hyperparameter n_bins. For each bin, a linear thermometer is built using
bits _per bin, where the y-axis value of the histogram bin is normalized using the
number of samples as maximum value, and further encoded. The reader can think
of it as a combination of multiple linear thermometers, where both minimum and
maximum values are shared and known. Figure[5.5|shows the Histogram binarization
process. In the Subfigure a histogram with five equal-width bins is drawn. This
histogram is transformed into a discrete version using five linear thermometers of
five bits each, as depicted in Subfigure [5.5d illustrates a contiguous array that

is used as input for the network.

5.2.2 Experimental Setup & Results

The architecture described in the previous section was evaluated as a viable graph
classification framework. As in Section [5.1.2] the following sections present the
experimental setup, the datasets, and the hyperparameter settings. Also, results

are presented and discussed.
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Figure 5.5: Example of Histogram binarization. In Figure 7 a plotted histogram
with five equal-width bins (relative to one graph). This histogram is binarized using
the same 5 bins with 10 bits each in Figure |5.5b| resulting in the final vector of

Figure [5.5q

dataset type # Graphs +#Classes Avg. Nodes Avg. Edges
RGG Synthetic 20480 5 139.68 813.43

Table 5.4: Dataset Statistics

Dataset

As a sanity check, the analysis of this framework was first conducted in a syn-
thetic dataset named RGG, inspired by [94], built specifically for this work. This
dataset was created using unattributed and undirected graphs generated by five ran-
dom graph generators available in the NetworkX [136] Python library: Erdos-Renyi
(GNP), Random power law tree, Connected Watts-Strogatz small-world, Holme-
Kim and Barabési-Albert. Each generator serves as the class label for the dataset,
as described in Table . Following this own dataset, other five datasets (COL-
LAB, ENZYMES, IMDB-M, NCI1) were drawn from the TUDatasets collection,

using their cleaned versions as distributed in the PyTorch Geometric library [137].

Hyperparameter Evaluation

The performance of every combination of the C';, PB and F' choices listed on Table[5.5
was assessed, resulting in a total of 48 models (including both WiSARD-based classi-
fiers and RandomForest baselines). The onion decomposition was used on undirected
versions of original graphs, in the form of the Onion Spectrum. This eliminates the

need of a ECCDF, since the spectrum is already a form of distribution. All measures
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were calculated using the NetworkX [136] python library with default parameters
as of version 3.3. Additionally, the performance of a complete independent baseline
was evaluated, using the WL-Graph Kernel [103], as implemented in [I38], and an
SVM classifier (WL-SVM) using the scikit-learn library [85]. Each possible com-
bination was tested as an hypothesis in a ten-fold cross validation procedure on a

Xeon E5-2630 v3 CPU with 32GB RAM and 8 cores.

Feature Extraction (F') Binarization(P B) Classifiers (C')

node degree (IN/OUT) Plot (PB) Dictionary WiSARD (WIS)
page rank centrality (PR)  Histogram (HG) ClusWiSARD (CWIS)
onion decomposition (OD) KernelCanvas (KC) RandomForest (RF)

KDTree (KDT)

Table 5.5: All hypothesis sets for feature extraction (F'), pre-processing and bina-
rization (PB) and classifier (C') steps.

With respect to hyperparameter search, the methodology was the same as in
Section [5.1.2] a nested cross-validation scheme where training and test data are
separated in 10 folds, then 10% of the training fold is used as validation. Each
binarization alternative has also its set of possible parameters. There is also a size
constraint on binary vectors to 2048 bits, except for the RGG dataset test where
only 1024 bits were used. Table in Appendix gives a full description of the

hyperparameter set for this experiment.

Brief Results & Discussions

As an initial analysis, results are limited to the main Fj-score performance results,
presented for the five TUDatasets and the RGG dataset in Figure [5.6] A first con-
clusion is related to the Fj-score of 0.99 on the RGG dataset, which assess the
feasibility of the proposed model. It was capable of successfully completing the
task, reaching a comparable performance to the SVM baseline approach. This is an
expected result, due to the difficulty of the task. Authors in [139, [140] have already
demonstrated that random generated graphs are supposed to be easily distinguished.
The model performance on some datasets, such as MUTAG, surpasses the baseline
model, reaching a top 0.83 F}-score, but, from a statistical point-of-view, no combi-
nation can be declared a clear winner.

Concerning the proposed measures, both page rank and onion decomposition
ranked better in some scenarios, once again without a global prevalence. As for
binarization strategies, there was a slight dominance of the KDTree and Plot ap-
proaches, yet other strategies were also successful in some experiments. In general,

WiSARD classifiers had a comparable performance to RandomForest alternatives.
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5.3 Conclusions

This section has proposed two vanilla architectures for weightless graph classifi-
cation, one based on unsupervised graph embeddings and another based on the
distribution of node measures. The former strategy makes use of graph embeddings
methods and the Distributive Thermometer as a default platform. The latter strat-
egy relies on different whole-distribution binarization mechanisms, and two different
approaches for this kind of binarization were proposed and formalized.

Although simple, both architectures have shown its viability for the graph classifi-
cation problem. Moreover, the evaluations done in this chapter represent a necessary
step towards future research and act as a baseline for weightless graph classification.
Nonetheless, both architectures show growth opportunities and need to be further

stressed, especially with respect to the incorporation of node and edge attributes.
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Chapter 6

KernelCanvas+ -+ for Graph

Classification

The architectures for weightless graph classification proposed in the previous chapter
were relatively successful in the task, but lack full usage of graph attributes and
structure. This chapter introduces a new framework for graph classification that
addresses this issue and goes beyond, investigating further improvements. This
new framework is based on the development of extensions of the KernelCanvas
method. Nonetheless, these extensions follow principles of both vector quantization
and distributive approaches previously discussed. These proposals are evaluated in
different scenarios, establishing a very competitive framework for graph classification
using WNN. The use of this framework in conjunction with graph embeddings is

also evaluated.

6.1 Extending the Node Primer

First, another architecture is proposed as an extension to the one presented in
the previous sections. It is very similar to the three-phased framework, but F
and PB steps differ. In order to further expand on the works of Section [5.2] the
scope of possible pre-processing/aggregation strategies is reduced down to two: a
KernelCanvas-based attribute aggregation and a histogram-based attribute aggre-
gation. The KernelCanvas approach is used for every continuous attribute, and the
histogram is used for categorical values. This proposed architecture is evaluated

against different baselines and classifiers.

6.1.1 An Updated Kernel Canvas and Histogram Procedure

The KernelCanvas attribute aggregation was chosen due to a better trade-off be-

tween parameter search space and performance in previous experiments (see Sec-
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tion [5.2.2). In Section the empirical cumulative distribution function was
plotted for every attribute, except for the onion decomposition, where the onion
spectrum was plotted. Since every continuous attribute (being edge or node at-
tribute) has its distribution over the nodes (or edges), a joint distribution of the
attributes is plotted. Moreover, the KernelCanvas is adapted using the principles
that guide the distributive thermometer: a better (uniform) distribution of bit space.
The idea is to capture these joint-distribution using the KernelCanvas, maximizing
attribute usage.

Instead of kernels € [—1, 1], kernels € [0, 1] are used. This is mainly to drop the
current use of tanh after a Gaussian normalization. Hence, the value normalization
(between 0 and 1) is done applying the empirical cumulative density function, as
supported by the Probability Integral Transformation [I41]. This can be interpreted
as marginal distributive thermometers.

As an additional step, instead of the random kernel generation, the use of the
centroids of a K-means run on the multi-dimensional normalized training data is
proposed. The reader may call this conjunction of approaches as the KernelCan-
vas++ (KCpp, KC++), and its overview is presented in Algorithm .

The goal of the algorithm is to transform a sequence of points € R? into a binary
vector € {0,1}5. Tt takes six arguments as input: sequence — a vector of points
€ R?, trainingData — a matrix of all training points € R?, I — the set of kernel
points € [0,1]¢, B — the number of bits for each kernel, B — the size of the binary
output vector.Two other functions are expected to be defined: ecdf and findknn.
The ecdf (z, X') function receives a value x and an array of points X, and returns the
value of the empirical cumulative density function of X evaluated at x. The findknn
function receives three arguments: p — a point € [0,1]%, K — a set of kernels/points
€ [0,1]4, and x — an integer, and outputs the s-nearest neighbors of p within K.

Compared to the original KernelCanvas algorithm (see Algorithm [2), the pro-
posed KCpp algorithm (detailed in Algorithm 3 only differs from lines 5 to 7, where
each dimension of the point is converted to its dimensional ECDF value. After that,
the activation is the same, where the x-nearest kernels € K to the converted point
are searched, representing the activated kernels, and, from lines 9 to 14, the corre-
sponding index for each activated kernel receives 8 consecutive bits are marked with

one.

Categorical Values The histogram-based approach for categorical values can be
defined as a diphasic algorithm. First, for each categorical attribute a in a graph
Gy, all P, possible values are mapped into P, bins, and thus, a histogram is created.
This histogram is then further binarized using a classic linear thermometer, where

the maximum value is the node or edge count (depending on the attribute type),

o7



Algorithm 3 KCpp Algorithm - Transforms a sequence of points € R? into a binary
vector € {0,1}7

Input:
sequence > Arbitrary size sequence of points € R?
trainingData > A matrix of all training points
K > The kernel set
6] > The number of bits used for each kernel
K > The number of kernels to activate
B > The size of the final output vector
Output:
input _vector > The final binarized input vector
1: for bit _idr < 1 to B do
2: input_vector|[bit_idz] < 0
3: end for
4: for all point € sequence do
5: for dim < 1to d do v Transform point to its ECDF value using training
data w.r.t. dimension
6: new Point[dim| < ecdf (point[dim), training Data|dim])
7: end for
8: activatedKernels < findknn(newPoint, K, k) > Find newPoint’s k nearest
neighbors € K
9: for all kernel € activatedKernels do > Activate § bits per kernel
10: for bit + 1 to g do
11: bit _idx < (kernel — 1) x 8 + bit
12: input_vector[bit _idx] < 1
13: end for
14: end for
15: end for
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the minimum is 0, and the number of bits per bin is set as a parameter.

As an alternative, a distributive histogram is proposed. In an analogous manner,
for each categorical attribute a in a graph Gy, the set Py = {pa,1, ..., Pap,|} of all
possible categorical values of attribute a is mapped into a vector T, , = [t.1, ..., tk,|pa‘]
of size |P,|, such that ¢, is the percentage of nodes where a = p,; in Gj. Second,
this percentage t;,; is binarized using a distributive thermometer where quantiles

are obtained from respective t; values across all graphs in the training set.

6.1.2 The Final Representation

The final representation of a graph stacks structural components (s) with original

non-structural graph attributes (ns), following a simple proportion:
B =aB;U (1 — «a)Bys, (6.1)

where By and B, are binary vectors of all structural and all non-structural at-
tributes stacked, respectively. These vectors are recursively defined as the stacking
of binarization B; of each attribute ¢, with (; defining the amount of information of
the attribute ¢ in the final representation. The following equation summarizes the
definition of B,:

B, =|JBi.. (6.2)

with B, being similarly defined.

In terms of bit amount designations, all z,; non-structural continuous attributes
are treated as a single attribute (leading to only one z,s-dimensional KernelCanvas).
The same occurs for all structural continuous attributes. Figure [6.1] shows an ex-
ample of a final bit vector, where non-structural and structural attributes split the
vector in two. The non-structural portion of the vector is subdivided in a Kernel-
Canvas block for continuous attributes and histograms for the remaining categorical
attributes. The amount of bits designated for each block is a hyperparameter of
the model and searched during model training. In addition, Figure exemplifies
the process for two different graphs using only two structural continuous attributes
and painting solely the closest kernel (instead of x kernels). Nodes are presented as
an arbitrary sequence of points, painting their closest kernel’s area. Existing node
and edge attributes are encoded in similar fashion and stacked to compose the final
input vector. Moreover, equation is the summary of a model that can be fed
with all node and edge attributes originally held by the graphs, processing any node
or edge attribute.
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Figure 6.1: An example of a stacked bit vector. Non-structural and structural
attributes split the vector in two. The non-structural portion of the vector is subdi-
vided in a KernelCanvas for continuous attributes and histograms for the remaining
categorical attributes. The amount of bits designated for each block is a hyperpa-
rameter of the model and searched during model training.

6.1.3 Experimental Setup & Results
Datasets & Evaluation

The datasets used to evaluate this architecture were the ones in Table [5.2] Every
non-structural attribute in the original dataset is used in the final input vector.
Concerning structural information, the node degree, the page-rank centrality, core-
number, and onion-layer are used.

The proposed representation was evaluated considering one baseline and four
main possibilities. A baseline (BASE) uses no ECDF normalization with random
kernels and the vanilla histogram binarization. A first variation (PROP-1) uses the
ECDF normalization with the vanilla histogram binarization. Secondly, PROP-2
uses ECDF normalization with the histogram binarization proposed in this section.
Moreover, PROP-3 uses ECDF with K-means kernels. PROP-4 combines both
PROP-2 and PROP-3.

In this experiment, the Dictionary WiSARD (WIS) and some of its evolutions,
namely ClusWISARD (CWIS) and BloomWiSARD (BWIS) were compared with
a RandomForest baseline. A commitee/ensemble of WiSARD classifiers was also
evaluated, referred as RandomWiSARD (RWIS). The WNN results were also com-
pared to some staple GNN models - GIN [I6] and GCN [15], and some other recent
GNN models - WLHN [I42], a recent model leveraging hyperbolic neural networks
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Figure 6.2: The KernelCanvas procedure applied to two different graphs using only
two structural continuous attributes. Nodes are presented as an arbitrary sequence
of points, painting their closest kernel’s area. Existing node and edge attributes are
encoded in similar fashion and stacked to compose the final input vector.

and PMLP [143], a graph neural network that is trained as a multilayer perceptron
but adopts a message-passing architecture during inference. The node inputs were
the same as the WNN, except for edge-level attributes, since the evaluated GNNs
do not use them. A simple mean readout is adopted as the readout layer of these
node-based message passing networks.

Although F and PB steps were fixed, several hyperparameters still had to be
stressed. One vital hyperparameter is the size of the bit vector representation B.
Another important hyperparameter is «, the rate of structural information versus
non-structural information, and 3, the inner attribute proportion, which is limited
to a minimum amount of information - min_info - another hyperparameter. The
B and « parameters serve as proxies to define other several parameters. In this
experiment, once «, s, and (3,5 are defined, every [3; was also calculated. This was
done following a greedy procedure that an attribute ¢ is first uniformly sampled,
then its ; is uniformly sampled from the remaining bits of 5, or 3,5, depending on
the type of the attribute. For the KernelCanvas, the activation Rate was kept fixed
at 0.07 and the evaluated parameters were n__kernels and bits _per kernel. These
were defined in the experiment for each attribute ¢ as a random factorization of j;.
For each histogram, a thermometer size was given. This parameter was fixed as

B; divided by the number of distinct possible values of attribute 4.
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All classifiers have also their hyperparameters such as addressSize, for WiS-
ARD, addressSize, threshold, discriminatorsLimit, and minScore for the
ClusWiSARD, addressSize, unitHashes, unitEntries for the BloomWiSARD,
and n__estimators, criterion, and max_features for the RandomForest, and
addressSize, max__samples, mazr_features, n__estimators for RandomWiSARD.
Appendix gives a full description of the hyperparameter set used in this exper-
iment.

All experiments were executed using a ten-fold nested cross-validation, with the
same hyperparameter selection methodology as in [I35]. A random or grid search
was used to search for best validation parameters, fixing in a maximum of P = 1000
possibilities within a day of experiments for the WNN and RF models, and P = 100
for the GNN models. This time constraint was enforced due computing resources
availability but to ensure that models are able to deliver good results within a small
training window. Also, the search was parallellized as much as possible, using an
Intel Xeon E5-2670v3 with 48 cores and 64GB of RAM. All work was developed
building necessary and still unpublished extensions to the wisardpkg [30] library.
The WLHN model was evaluated using authors’ original codeE] and the other GNN

models were implemented using the PyTorch Geometric library [137].

Overall Results

This section starts by introducing the main result on the TUDatasets with no distinc-
tion between the variations (BASE, PROP-1, PROP-2, PROP-3, and PROP-4). Ta-
ble 6.1 shows the overall best results alongside results for SVM, collected from [105]
and the evaluated GNN models. The GNN data for the COLLAB dataset were col-
lected for completion from [142] as the experiments could not finish due to shortage
of resources. Both works of [105] and [142] have an experimental setup comparable
to ours, based on [135]. Results show that the proposed shallow architecture leads
to very competitive accuracy in comparison to deep models. The WiSARD-based
classifiers achieve best overall results in the IMDB-M, ENZYMES, and PROTEINS
datasets. Nonetheless, the RandomForest approach tops other two dataset charts,
indicating that shallow architectures may beat deep architectures in almost every
dataset. In an overall analysis, RandomForest and Dictionary WiSARD present the
best results. Some works [140), [144] debate if the structure is relevant to some of
the datasets being evaluated. Although being irrelevant to some, the representation
presented here is powerful in both cases. Other datasets and classifiers could be eval-
uated and there is still room for hyperparameter optimization, since no optimization

scheme was adopted besides the random/grid search.

Thttps://github.com /MichailChatzianastasis/ WLHN
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COLLAB ENZYMES IMDB-M MUTAG NCI1 PROTEINS

SVM 84.5 £20 67.7+6.5 51.7+£41 833+7]1 KIEIE=NKE 1.1+ 44
GCN [15] 71.3+£20 796=+£24 652+£30 879=£61 67623 T743+£35
GIN [16] 75.6 £23 829+14 626+41 84.0+£94 T04+£22 T42+£20

WLHN [142] 76.2 +£23 86.1 +£35 658 +26 86.6+ 105 73.2+22 748+ 3.0
PMLP [143] 564 + 4.5 831+36 605+29 8.5+74 560+29 61.7+44

RF 90.3 £29 66.1 +4.3 742 £ 1.5 (763 £43
WIS 85.3 £ 0.9 90.2 +24 89.3 £ 7.0 735+ 17 762448
CWIS 8.7+ 1.7 894+29 655+36 89.8£99 731+17 745433
RWIS 80.8+19 90.0+21 662+£25 887+11.0 725+19
BWIS 785 + 1.4 [ NEEEEIEEEER] 78 +66 73.0+17 762+ 28

Table 6.1: Performance summary on TUDatasets (mean accuracy over 10-fold eval-
uations). Best results are highlighted with a black background, second best with a
gray background. Accuracy of SVM and GNN models collected from [105] and [142].

Representation Size Analysis

This section presents an analysis of the performance of the WNN and RF models
for different input sizes in every dataset, ranging from 2048 to 16384 bits. Overall,
there is no silver bullet when deciding the number of bits of the input vector. Every
dataset appears to be a singular problem, as Tables to show. Apart from
the COLLAB dataset, where Dictionary WiSARD and RandomForest appear to
be clear winners, performance for all classifiers seems to be similar, within a stan-
dard deviation margin. Considering most datasets, there is evidence that greater
representations may work better, since best results are closer to the upper limit of
the grid search considering the input size. However, increasing input size is also
a double-edged sword, particularly when dealing with larger datasets, such as the
COLLAB. Larger representation leads to both higher computing time and resource
consumption, which may incur execution errors of timeout and/or lack of memory
(out of resources - OOR).

Feature Importance Analysis

One key aspect of proposed pipeline is the search for the best representation as
part of the hyperparameter search. In Figure is presented a summary of the
best trade-offs between structural and non-structural features that were found for
each dataset in terms of a percentage of the size of the input vector with respect
to the WNN and RF models. For the ENZYMES dataset, it can be seen a great
majority of non-structural attributes prevailing. The scenario is similar but not so
extreme for the MUTAG and the NCI1 datasets, where there is some predominance
of non-structural attributes. It is relevant to notice that in the latter there is only

one non-structural attribute (node labels). Yet, they seem to play a key role when
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Input size RF WIS CWIS BWIS RWIS
2048 849+ 1.1 848+14 805+14 752+73 80.1+1.6
4096 84.7+ 1.2 809 +22 73.9+101 80.8+ 1.9
6144 851+ 14 8.1+14 80.6+19 785+14 80.6+ 1.9
8192 854+ 1.0 8.3+09 8L.1+14 OOR OOR
10240 855+ 09 853+1.1 81.3+23 OOR OOR
12288 85.6 £ 1.1 85.0+09 81.3+19 OOR OOR
14336 85.3+ 0.8 85.1+15 812420 OOR OOR
16384 85.5+ 1.3 8.3+ 13 8L.7+17 OOR OOR

Table 6.2: Performance on the COLLAB dataset using different vector input sizes
(mean accuracy over 10-fold evaluations). Best results are highlighted with a black
background, second best with a gray background. OOR means that results did not
complete after 24 hours of experiment.

Input size RF WIS CWIS BWIS RWIS

2048 89.6 £3.0 886+21 87.7+21 87.5+23 888428
4096 89.7+£23 892+27 8.1£31 89.8+£30 87.1+36
6144 90.3£29 89.7+£23 891+£32 892+£27 8.9+19
8192 90.2 £24 892+£26 89.1+£26 89.1+21 83.8+23
10240 89.7+15 90.1+£28 88.6+£28 893+£33 89.8+24
12288 89.7£27 89.0+£18 894+£29 89.6+25 89.7+19
14336 89.2+£25 89.8+£22 893+28 894424 886+ 32
16384 89.9 423 902+£24 889 +27 90.0 + 2.1

Table 6.3: Performance on the ENZYMES dataset using different vector input sizes
(mean accuracy over 10-fold evaluations). Best results are highlighted with a black

background, second best with a gray background.

Input size

RF

WIS

CWIS

BWIS

RWIS

2048
4096
6144
8192
10240
12288
14336
16384

65.2 £ 3.5
64.8 &+ 3.4
65.8 = 3.0
65.8 = 3.6
65.6 = 3.6

65.0 = 2.6
65.1 £+ 2.6
65.6 £ 4.1
65.9 £ 3.8
65.5 = 3.9

62.8 & 2.6
64.2 £ 3.4
64.4 £ 3.7
64.1 £ 4.0
64.6 £ 2.8

66.0 £ 3.7 K EE==AR (5.2 + 4.3

65.9 £39 654 +£31 655+ 3.6
66.1 =43 65839 65.0x34 656 =x3.0

65.3 £ 2.4
65.4 £+ 3.2
65.3 £ 2.5
65.8 £ 2.2
65.8 £ 3.2

65.6 £ 2.7

65.2 + 2.9
64.1 + 3.6
65.1 + 2.8
65.3 £ 1.9
65.8 = 3.3
65.6 = 3.5
64.2 + 4.0
66.2 £ 2.5

Table 6.4: Performance on the IMDB-M dataset using different vector input sizes
(mean accuracy over 10-fold evaluations). Best results are highlighted with a black
background, second best with a gray background.
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Input size RF WIS CWIS BWIS RWIS

2048 86.8 £ 72 87.7+£74 855+98 85.6+90 85.1+8.3
4096 87.3+10.7 86.1+£7.0 87.7+82 85.0£67 85.1+85
6144 8794+ 11.1 86.1+11.1 86.1+83 85.1+65 84.1+93
8192 89.44+ 74 887+£80 882+93 8.6+£79 86.2+75
10240 87.7+6.8 882+£81 8.2+71 82.0£99
12288 89.44+82 86.6+£82 87.1+84 87.8+£66 81.9+79
14336 87.3+87 893+£70 866+7.0 87.2+68 89.4+56
16384 88.3+ 64 88.7+£85 [89.8+99 861+81 87.8+50

Table 6.5: Performance on the MUTAG dataset using different vector input sizes
(mean accuracy over 10-fold evaluations). Best results are highlighted with a black
background, second best with a gray background.

Input size RF WIS CWIS BWIS RWIS

2048 747 +19 703 £21 69322 692+24 708+ 2.1
4096 748 £14 720+23 703+£17 699+24 702+ 14
6144 742 £27 73.0+26 702+£29 718414 71.5+20
8192 752 +£25 729+26 709+£20 719415 T71.2+26
10240 746 £3.1 72530 723+£23 71916 714+ 2.1
12288 7.1 +24 739+22 725+12 T723+22 T1.5£22
14336 IGRE=N (3.6 +~2.1 73.1+17 7214+31 706+ 1.3
16384 721 +£29 721+20 73.0+£17 725419

Table 6.6: Performance on the NCI1 dataset using different vector input sizes (mean
accuracy over 10-fold evaluations). Best results are highlighted with a black back-
ground, second best with a gray background.

Input size RF WIS CWIS BWIS RWIS

2048 748 £35 T31+£37 TLO+£23 732145 749 +49
4096 735+54 T38+47 728 +£35 T73.6+39 755+35
6144 763 +£43 739+£50 722444 T38+36 76.2+5.0
8192 738 £49 TA1+£47 T32+£39 T48+41 748+ 49
10240 732446 756+58 745433 740+ 3.6
12288 T3T£AT T3T+£53 T26+41 T49+39 759 +36
14336 708 £53 Tl4+£55 T725+42 735+46 759 +4.6
16384 729+£59 T62+48 T3.0+£37 762+28 763+£51

Table 6.7: Performance on the PROTEINS dataset using different vector input sizes
(mean accuracy over 10-fold evaluations). Best results are highlighted with a black
background, second best with a gray background.

differentiating the classes. An opposite behavior happens in the PROTEINS dataset
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where structural information appears to be more important than non-structural
information. IMDB-M and COLLAB datasets leverage only structural attributes.
As a concluding remark, there is no clear preset of attributes that works better
overall. Every dataset is a unique problem of its own. The most important is to

ensure that a final model can absorb these differences.

1.0

0.8 A

o
[o)]
1

truct
t

o
D
1

% bits (median)

0.2 A

0.0 -

imdb_m collab proteins ncil mutag enzymes
Datasets

Figure 6.3: Trade-offs between structural and non-structural attributes in the best
result for all datasets (median of all folds). Datasets are ordered by structural
attributes’ usage in final classifier

Resource Usage Analysis

In this section, the resource consumption is evaluated using different metrics. All
energy and memory consumption data in Tables were collected from PBSﬂ
trace reports for the whole process, including hyperparameter search, training, model
selection, and testing, except for the final model size, where the size of the serialized
classifier is reported. Results are shown for WNN, RandomForest and the selected
GNN baselines. This evaluation was carried out fixing the number of hyperparameter
combinations(P) to 100 within a day to establish a fair comparison. In Table [6.8]
the results show that the Dictionary WiSARD is generally less energy demanding
than the baseline RandomForest classifier, except for cases where it follows RF by a

small margin. That fact does not hold though for its variations, where BloomWisard

Zhttps://altair.com /pbs-professional /
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can be up to twenty times more energy demanding (in IMDB-M dataset), being
as energy demanding as some GNN models. Morever, the GNN models were the
worst, concerning their energy demands. Table presents average final model sizes
considering only the best classifiers. Taking into consideration the recent advances
of BloomWiSARD model, this is where it shines, providing the most compact WNN
model. On the hand, the RWIS approach is the greatest, since it can be seen as an
ensemble of models of relative big size. The evaluated GNN were not as deep as other
deep network models, resulting in very compact final models, with few kilobytes in
size, topping the charts. Concluding, Table reveals the memory consumption
of all models, with the Dictionary WiSARD being generally the less demanding
classifier. On the other hand, GNN models are the most demanding, imposing
roughly twice the memory requirements of a WNN model. It is important to note
that these memory consumption values are partially due to high data parallelism
leveraged for hyperparameter search, not being strictly this high if a single-threaded

model was trained.

COLLAB ENZYMES IMDB-M MUTAG NCI1 PROTEINS

RF 1342.3 £ 857.3 [ENRIE=NGWEN 15.3 + 24.3 43 + 1.7 2241 £ 101.5 [EPAIE=NERS
WIS 1311.6 & 823.3 [EYNUE=NGNEN 17.7 + 7.5 PAGNE=N (SN 53.1 + 15.6
CWIS  1365.2 +858.6 46.1 £17.0 384 £ 19.4 42+ 21 231.5 £107.3 59.0 £ 17.8
RWIS  1483.9 £ 996.8 107.5 £41.7 1285+ 70.2 14.0+ 6.5 520.2 +£236.3 130.5 &+ 58.1
BWIS  1688.7 & 1030.6 227.3 £97.5 207.1 £ 1154 184 9.7 5749 £263.5 181.3 £ 75.7

GCN OOR 168.8 £ 3.7 323.7 £9.8 36.4 £22 831.1 £44.7 344.5 £ 94
GIN OOR 1423 £43 2573 £152 352=£22 800.0+£46.8 2774 £ 24
WLHN OOR 671.4 £ 17.7 749.6 £ 39.6 1272 £ 5.8 3901.9 £ 2172 1377.9 &+ 26.6

PMLP 3005.6 & 800.2 93.7 £ 5.8 1799 £126 271 +£09 5421 £ 198 185.6 £ 7.0

Table 6.8: Average energy consumption (in Wh) on TUDatasets. Best results are
highlighted with a black background, second best with a gray background.

COLLAB ENZYMES IMDB-M MUTAG NCI1 PROTEINS

RF 20.2 £ 3.6 6.0+ 1.1 28 £ 1.0 06+01 21.6+48 5H0=£1.2
WIS 19.9 £ 115 5.6 £5.3 1.6 £1.0 08+18 3.7+17 3.3 £23
CWIS 195+ 11.6 504 +29 28 £1.6 1.1 +£06 4.7+25 42 £ 28
RWIS 2209 + 119.8 1134 £ 70.0 39.7 +34.0 84 £6.6 783 +44.0 51.7+ 422
BWIS 25 +£11.1 0.7+04 0.3 +£0.2 02+01 01x0.1 03 £0.1

GCN OOR 0.0 0.0 0.0 £ 0.0 0000 0.0=x0.0 0.0 £ 0.0
GIN OOR 0.0 £ 0.0 0.0 £ 0.0 0.0£00 0.0=£0.0 0.0 £ 0.0
WLHN OOR

PMLP 0.0 £ 0.0 0.0 £0.0 0.0 £0.0

Table 6.9: Average final model size (in MB) on TUDatasets. Best results are high-
lighted with a black background, second best with a gray background. BWIS results
for the COLLAB must be taken with care since only smaller models completed the
experiment.
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COLLAB ENZYMES IMDB-M MUTAG  NCII1 PROTEINS
RF SRR RIN 11.8 £02 11.8+£06 10701 141+£06 12.0+£0.3
WIS BONA=F NN 115+ 03 11.24+04 10.6+ 0.1 WERAENIRE 11.6 + 0.4
CWIS 404+36 11.8+04 11.4+05 10.8+ 0.2 WEPAE=NKEN 11.8 + 0.4
RWIS 495 +6.3 31.5+£13.0 20.7+55 14.7+x20 20.0+39 209 +£6.1
BWIS 417+£18 17.74+54 134+20 122+£09 139+12 129+ 1.0
GCN OOR 244+£00 2444+£00 239£01 25.7£01 24.7+£00
GIN OOR 244+£00 2444+£01 239£01 25.7£01 24.6+£0.0
WLHN OOR 244+£00 2424+£00 23.6=£00 25.7£00 24.8+£0.0
PMLP 746 £00 2434+00 2444+0.1 239+£0.1 25.7+0.1 246+ 0.0

Table 6.10: Average virtual memory usage on TUDatasets (in GB). Best results are
highlighted with a black background, second best with a gray background.

Following this resource usage analysis, the time spent on every key phase of the
study is detailed. Table shows the time spent on hyperparameter search, train-
ing the full model and the inference phase for all evaluated datasets. It is important
to point out that the current implementations are not production-ready, and time
comparisons can be misleading. The results in Table [6.11] indicate that the Dictio-
nary WiSARD models spent less time searching for hyperparameters and training.
Overall, the GNN are faster for inference, followed by the RandomForest baseline.
These results are partially explained by a bottleneck caused by the preprocessing
of the inputs through the pipeline, and the bleaching technique, which can still be
improved with approaches like the one in [145].

COLLAB ENZYMES IMDB-M

Search Training Inference Search Training Inference ‘ Search Training Inference
RF 2368.1 £ 1354.4 285.2 & 202.8  20.8 £ 11.9 {NGE=LW) 9.8 + 3.7 0.8+0.3 73.5 £ 374 82 +52 |[EEXMR
WIS pRARIEN BRIV 279.4 £+ 205.1 21.5 £ 12.5 | 66.6 £ 26.5 0.9 +0.3 27.5 £ 11.6 BB 0.5 + 0.3
CWIS  2413.0 £ 1364.2 [R(ESPOIRE 21.3 + 12.7 | 73.6 + 28.2 10.1 £ 4.1 1.0 £0.3 584 £ 27.3 47+£22 26+17
RWIS  2704.7 £+ 1320.8 331.1 £+ 204.3 38.6 + 15.9 | 150.7 + 56.4 19.1 + 8.8 T7T+£58 | 175.7+£898 13.0+76 85+5.7
BWIS  3324.2 + 1569.8 394.2 + 197.1 |RUEIENVRE 360.7 + 154.0 62.1+374 12+04 |317.8+£1714 509+ 315 0.6=+0.3
GCN OOR OOR OOR 202.2 £ 2.1 188 £ 1.1 0.2+0.0 4079 + 5.3 379+46 06+0.1
GIN OOR OOR OOR 173.8 £ 24 17.8 £ 2.2 JOREXN] 346.9 + 7.5 364+33 05+0.1
WLHN OOR OOR OOR 8341+ 7.1 95.2 + 4.7 1003.9 &+ 27.7 100.5 £ 11.0 0.6 £ 0.0
PMLP  5286.1 £35.1 596.2 £19.0 542+ 0.6 125.2 £ 0.9 120 £ 04 0.2+ 0.0 247.8 £5.8 23.8 £28 0.5+ 0.0

MUTAG NCI1 PROTEINS

Search Training Inference Search Training Inference ‘ Search Training Inference
RF 6.6 + 2.6 0.8 +04 0.1+00 | 3820+1765 513+259 3.6+14 86.6 + 25.2 11.6 £36 09 =+03
WIS 0.1 £ 0.0 JEPNESIEH 3.8+ 1.4 86.3 + 25.5 1.0+ 0.3
CWIS 6.2+ 3.2 0.7+ 0.4 0.1+0.1 | 403.6 1829 498 £25.7 4.0+14 96.0 &+ 28.3 11.9+£40 12=+04
RWIS 221 +95 14 £1.0 04 +£03 | 769.1 & 341.2 104.2+£53.5 21.1+£12.7| 189.5+75.0 21.9+98 6.3 +£4.3
BWIS 29.0 £ 15.5 3.9 + 2.8 0.1+0.1 |1034.8 +466.2 109.6 £ 58.0 4.1+ 1.5 |288.9+117.9 475+£231 12+03
GCN 47.0 £ 0.7 4.6 £ 0.5 0.0 = 0.0 1075.0 &£ 20.4 110.3 = 12.1 ENE=IXI] 420.9 £ 12.1 31.1 £ 3.7 JIEE==NIK]
GIN 448 £ 0.9 43 £0.7 0.1 £ 0.0 988.2 £ 24.2 1044 £ 15.1 EENIEIN 336.9 £ 4.5 33.0 £ 1.6 IGEE=NIKI]
WLHN 168.6 + 2.2 13.9 £2.7 ONESONIE 5201.5 + 60.2  609.7 £33.2  13+0.1 | 1788.7+16.6 176.6+ 8.0 | 0.6 £ 0.0
PMLP 356+ 05 31+03 UUEUO 7398 £ 108 683+54 [JKETEE 2350+57 187+25

Table 6.11: Average time (in seconds per fold) spent on hyperparameter search,
training and inference on TUDatasets. Best results are highlighted with a black
background, second best with a gray background.
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KernelCanvas+-+4 Accuracy Analysis

Another aspect of this section are the proposed additions to the KernelCanvas fun-
damentals. Figures from[6.4]to[6.9 present the results in terms of accuracy according
to the strategy implemented in KernelCanvas and the binarization steps, fixing the
WiSARD base classifier as the classifier. Starting with the COLLAB dataset, Fig-
ure shows only three alternatives (BASE, PROP-1,PROP-4). This happens
because there is no histogram-based attribute in this dataset (the same applies to
Figure . Regarding the results, the chart shows that PROP-1 is clearly the best
alternative in terms of accuracy, followed by PROP-4 and then the baseline. The
same difference from the baseline is seen in Figure [6.6 where PROP-1 and PROP-4
have similar performance. Regarding the ENZYMES dataset, Figure [6.5] exhibits all
five KernelCanvas’ hypotheses, with PROP-1 once again topping the charts. PROP-
3 seems to be the worst in performance, with others performing indistinguishably in
the middle. Figure provides accuracies for the MUTAG dataset, where all hy-
potheses seem to achieve almost the same results. Results for the NCI1 dataset are
presented in Figure[6.8] This figure illustrates PROP-1 and BASE performing sim-
ilarly at the top, with the other three approaches being in a lower cut. Finally, [6.9]
presents results for the PROTEINS dataset, where the only distinct result is the
worse accuracy assessed by BASE. The global image brought by the results in this
section is that PROP-1 is the to-go strategy, as the other proposals did not perform

as expected.
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Figure 6.4: Accuracy of different KernelCanvas strategies on the COLLAB dataset
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Figure 6.5: Accuracy of different KernelCanvas strategies on the ENZYMES dataset
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Figure 6.6: Accuracy of different KernelCanvas strategies on the IMDB-M dataset

6.2 KCVQ and DKC++

In this section, two other variations to the KernelCanvas++ are proposed, one

exploring its input space and the other its activation step.
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Figure 6.7: Accuracy of different KernelCanvas strategies on the MUTAG dataset
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Figure 6.8: Accuracy of different KernelCanvas strategies on the NCI1 dataset

6.2.1 KernelCanvas-VQ

The KernelCanvas++ restricted the input space to [0, 1]¢ for a d-dimensional input
where all kernels lie. One reason for this constraint is that it establishes a viable
bounding box for kernels. This requirement is not strictly necessary if kernels are
not generated to divide the space in a random fashion. For example, kernels that are
generated via K-means algorithm are well defined in R?. Hence, this idea leads to

a variation of the KernelCanvas that is close to the vector quantization algorithm,
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Figure 6.9: Accuracy of different KernelCanvas strategies on the PROTEINS dataset

coined as KernelCanvas-VQ (KCVQ). The only normalization applied is a process
called whitening, a simple procedure that divides each dimension by its standard
deviation and can lead to better K-means results [146]. The difference from Algo-
rithm [3] is that lines 5 to 7 are replaced with this whitening process, as presented in
Algorithm

6.2.2 Distributive KernelCanvas- -+

Another proposed extension to the KernelCanvas+-+ algorithm resides in its activa-
tion procedure. Recall that each point of a sequence is mapped to k = Ax|K| kernels
that are closer to it on the canvas. Since ( bits are activated per kernel, this results
in two collateral effects: depending on the activation rate A, many kernels might
activate in the same way despite being far from the closest kernel, and, secondly,
there is no distinction between a kernel that gets activated by several points and a
kernel that is activated once.

With these two opportunities in mind, the Distributive KernelCanvas++
(DKC++, DKCpp) is then proposed. The Distributive KernelCanvas++ trans-
forms each slot of 8 bits once reserved to a kernel into a distributive thermometer
of B bits. Instead of having a binary activation with a stream of § ones or zeros,
each kernel is now activated taking into consideration its activation score. Given a

sequence S of p points, each kernel k£ can be activated up to p times, each one with
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Algorithm 4 KCVQ - Transforms a sequence of points € R? into a binary vector

€ {0,1}*
Input:
sequence > Arbitrary size sequence of points € R?
std > Pre-calculated standard deviations for all dim
K > The kernel set (generated via K-means)
K > The number of kernels to activate
Output:
input _vector > The final binarized input vector
1: for bit idr < 1to B do
2: input _vector|[bit _idx] < 0
3: end for
4: for all point € sequence do
5: for dim <+ 1toddo > Whitening
6: new Point[dim] < © Zzgfd[‘jﬁ]
7: end for
8: activatedKernels < findknn(newPoint, K, k) > Find newPoint’s k nearest
neighbors € K
9: for all kernel € activated Kernels do > Activate [ bits per activated
kernel
10: for bit <+ 1to $ do
11: bit _idx < (kernel — 1) * 3 + bit
12: input_vector[bit _idx] < 1
13: end for
14: end for
15: end for
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an activation score of ASj,. Hence, the final score for a given k in S is given by

ASp =Y ASi,, (6.3)

pES

the sum of all partial activation scores for a kernel and point of the sequence ASj,,.
Afterwards, the thermometer encoding is applied per sequence, considering all kernel
activation scores for that sequence. For example, the least activated kernel will
receive a stream of 3 zeros as before, and the most activated kernel will receive its
[ bits marked with ones.

Let As be the set of activated kernels for a sequence S, two different activation
scores ASy, are then defined as follows. First, the Naive Activation Score (NAS) is

defined as

1, ifke As,

NAS, = (6.4)

0, otherwise,

, which solves the problem of accounting how many times a kernel was activated. A

consecutive definition is the Exponential Activation Score, defined as

—d(p,k) .
i—dW’ if ke .AS,

0, otherwise,

EAS),, = (6.5)

where d(p, k) is the distance between the point p and the kernel k, d*(p) is the
distance between the point and its closest kernel, and e is the Euler’s number. This
formula achieves a maximum activation of one at minimum distances and a small

activation near the farthest activated kernel.

6.2.3 First Experimental Setup & Results
Datasets & Evaluation

The methodology used to evaluate these proposed architectures was similar to Sec-
tion [6.1.3] The same datasets and classifiers were used, except for the BloomWiS-
ARD, which was replaced by the BTHOWeN classifier without the thermometer,
since the input was already a binary vector. The same representations were used
and the same hyperparameters were stressed, but only the PROP-1 and PROP-4
variations from Section were evaluated, with and without DKCpp, and with
the addition of the KCV(Q variation. Also, a different baseline was evaluated, BASE-
MEAN-DT. This baseline is the same strategy used in Section where the mean
of node features is used in conjunction with the Distributive Thermometer. The fea-
tures used for this baseline are the same features used for the KernelCanvas: degree,

page-rank, core-number and layer-number.
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All experiments were executed using the same ten-fold nested cross-validation. A
random search was performed for best validation parameters, fixing in a maximum

of P = 100 possibilities within a day of experiments for all models.

Overall Results

First, the overall results are presented. These adopted both classifier and the Ker-
nelCanvas strategy as hypothesis. Results are marked with suffix KC for Kernel-
Canvas++ (PROP-1,PROP-4 and KCVQ) and DKC for the Distributive Kernel-
Canvas+-+.

Starting with Table [6.12] the accuracy is shown for each classifier. Once again,
the RandomForest baseline is dominant, with three of the best results, followed by
the ClusWiSARD, with two. Comparing the use of the KCpp against the DKCpp,
the DKCpp presented better or equal results to the KCpp in 66% of the possible
scenarios (classifier + dataset). With respect to the best result possible, there is no

clear winner, with both performing similarly.

COLLAB ENZYMES IMDB-M MUTAG NCI1 PROTEINS
RandomForest-KC KERIEIR 00.9 £ 2.3 65.8 £ 1.6 88.9 £ 5.7 [EGR==NNEN T2 %)
RandomForest-DKC RCHRIE=RINE 90.2 £ 1.9 66.0 & 1.2 88.9 &+ 5.2 WERI==NNEN 76.9 + 3.8
WIS-KC 8511 908£19 659+£25 883+48 736+£24 T764+41

WIS+DKC 85.7+ 0.7 |[EIEFX 659 £ 25 888+52 [T40£21 76.0 + 4.2
ClusWiSARD-KC ~ 85.1 + 1.4 [RIWIESIGEE (5.8 + 1.6 737 +24 757 +£37
ClusWiSARD-DKC 855+ 0.7 91.1+ 1.7 662+21 88+£39 73.9+26 75.7+41

RWIS-KC 846+ 12 905+£16 662+£24 873+£36 728+28 T68=*44
RWIS-DKC 84.7£1.0 90.1 £2.5 HEOBE==NW 87.8 +43 725+£24 766=*4.1
BWN-KC 820+£16 808=*25 636+18 80.1+175 676+£18 76.1+£6.0
BWN-DKC 81.6 £+ 14 818+23 63.6+22 81.5£187 67.7+£3.0 75.0=£59

Table 6.12: Mean accuracy and standard deviation per classifier in the TUDatasets
- a comparison between KernelCanvas++ and the Distributive KernelCanvas++.
Best results are highlighted with a black background, second best with a gray back-
ground.

Breaking Down by Alternatives

In this section, results are presented per strategy, with the Dictionary WiSARD
kept as the reference classifier. The goal is to observe how the different strategies
behave, similar to the analysis in Section [6.1.3

Table presents the accuracy results for the evaluated KernelCanvas strate-
gies (PROP-1,PROP-4, KCVQ) and its distributive counterparts (Naive Distribu-
tive Activation - NDA and Exponential Distributive Activation - EDA alongside the
BASE-MEAN-+DT baseline in a ten-fold cross validation execution. In this table,
it is possible to conclude that KCVQ is a dominant strategy, despite the fact that
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it did not have clear gains when combined with the DKCpp strategy. Likewise, the
PROP-1 achieved again the best result in the COLLAB dataset without using any
distributive activation. No variation was capable of surpassing the baseline in the
NCI1 dataset, once again pointing into directions that should be noted, especially
with respect to this dataset. Nonetheless, both PROP-1 and PROP-4 were able to
show accuracy gains when combined with DKCpp.

Once again, memory and energy consumption data were collected using PBS
traces. Energy consumption results are reported in Table Clearly, the BASE-
MEAN-+DT baseline is a dominant strategy in this aspect, since it is the simplest
strategy among all others. When analyzing the proposed alternatives, PROP-4 ap-
pears as the least energy-demanding strategy. It is worth pointing that the DKCpp
alternatives demand more energy when compared to the binary activation strategies.

The memory usage is shown in Table[6.15] All strategies behave similarly in this
aspect, regardless of whether there is distributive activation or not. The exception is

the baseline, which spends more energy than the proposed alternatives on average.

COLLAB ENZYMES IMDB-M MUTAG  NCI1 PROTEINS

PROP-1 SENIEEN 305 + 0.7 648 +03 862+ 14 718+ 1.1
PROP-1+NDA CERIESN 39.7 + 0.6 65.0+04 861+08 71610 743+ 1.1
PROP-1+EDA SREURY 598 +£0.7 649+ 05 862+1.0 713+14 744£10
PROP-4 83.7+0.3 893+08 651+03 86.0+13 71608 743+ 1.1
PROP-44+-NDA 843+ 0.7 89.7+07 65.0+04 86.0+1.0 721415 742+ 12
PROP-4-+EDA 844 £ 0.6 89.7+0.7 [65.2£05 86.5+0.9 [726£09 738+£09
KCVQ 83.0 + 0.3 |EEEEIGEETREEEETEY 715+ 1.0 (746 £08
KCVQ+NDA 8414+ 04 899+£08 652+04 868%+1.0 71.9+15 745+£06
KCVQ+EDA 8414+ 05 89.7+04 652%£03 86.7+1.0 721+ 1.1
BASE-MEAN+DT 838 £ 04 864 +0.8 651=+0.3 86.0%0.9 m%?

Table 6.13: Average accuracy and standard deviation results in the TUDatasets -
comparison between KCpp and DKCpp strategies. Best results are highlighted with
a black background, second best with a gray background.

COLLAB ENZYMES IMDB-M MUTAG NCII PROTEINS
PROP-1 ICEFOORY 220 £ 84 146 +9.8 39+1.6 763+£844 289+17.1
PROP-1+NDA 343.0 £ 1085 22.0£9.7 128 4+59 45+27 438+ 184 30.1 £ 147
PROP-1+EDA 295.0 +£43.7 247+ 166 139+£6.6 4.0+20 456+ 20.7 26.6 £ 145
PROP-4 2114 £ 1974 10.3 £ 8.0 18+ 04 359+187 11.0£73
PROP-4+NDA 268.6 £372 140+49 11.6+51 1.8+06 329+ 121 141+54
PROP-4+EDA 293.9 £423 147450 125+£6.1 18%£06 352+ 140 151+59
KCVQ 230.1 £1042 246+ 132 11.1£97 39+22 381+222 31.6+ 169
KCVQ+NDA 256.4 £ 320 208+82 120£53 4.0+18 4294182 287+ 16.7
KCVQ+EDA 267.2 +£498 204 +83 127462 40+18 450+ 19.9 26.9 + 132
BASE-MEAN-+DT 2522 + 17,9 |[EENE 81 + 33

Table 6.14: Average energy consumption (in Wh) on the TUDatasets - comparison
between KCpp and DKCpp strategies. Best results are highlighted with a black
background, second best with a gray background.
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COLLAB ENZYMES IMDB-M MUTAG  NCI1 PROTEINS

PROP-1 31.5 £ 1.8 =N PN 3.6 +£ 0.0 EUNEE=NUEE 9.5 + 0.3
PROP-1+NDA 30.9 £ 1.7 EREE=W 90+ 02 85=£0.0 10.6=% 0.3 EEEE==NIN
PROP-1+EDA 31.8 £ 1.8 =N 9.0+ 02 85=£0.0 10.6=% 0.3 EEEE==Nk}

PROP-4 315 +£16 96=+04 PNl 3.7 +£ 0.1 10902 9.6 +£0.3
PROP-4+NDA 317+ 15 9.6 +04 PNl 3.7 0.1 10904 97+£03
PROP-4+EDA 316 1.6 9.6+ 04 A=V S.7 + 0.1 109 +03 9.6=£0.3
KCVQ 310+ 14 11.5£03 11.1 £03 106=+0.1 13.0£06 11.5+£0.2

KCVQ+NDA 314 £ 1.7 94 +£03 PNV 3.6 £ 0.0 10.7 £ 0.3 EEEE==N
KCVQ+EDA 31.3 £ 1.6 =N PNV S.6 £ 0.0 10.7 £ 0.3 EEEE==N

BASE-MEAN+DT pBipA==Niy@ 11.6 +- 0.3 11.7+ 0.5 106 +0.1 13.6 +1.0 11.8+ 05

Table 6.15: Average virtual memory usage on TUDatasets (in GB) - comparison
between KCpp and DKCpp strategies. Best results are highlighted with a black
background, second best with a gray background.

Table [6.16] exhibits averages for all evaluated strategies of the time spent in
search, training and inference. It is possible to conclude from this table that the
baseline BASE-MEAN+DT is clearly faster than all proposed alternatives. Among
the proposed alternatives, PROP-4 appears as the fastest. Also, there is no clear

increase in the time spent when using the DKCpp during search, training or infer-

e1ce.
COLLAB ENZYMES IMDB-M
Search Training  Inference Search Training Inference Search Training Inference
PROP-1 576.3 £81.2 209 +102 24+12] 295+145 43+21 05+03| 187+94 20+1.1 04+02
PROP-1-+NDA 635.1 £88.7 16.7+86 19+1.0| 301+147 45+£22 05+03| 194+£96 20+10 04=%02
PROP-1+EDA 607.8 £70.8 16.1+55 19+0.7| 314+156 48+23 06=+0.3)|206+102 24+13 04£02
PROP-4 581.1 £61.9 147+54 15+£0.7| 209 £ 7.6 28+09 03£01]| 17.0+82 1.9+ 1.0
PROP-4+NDA 5689 £71.6 11.7+35 12+04| 212+78 26£09 03£01| 17.8+£85 20+1.1
PROP-4+EDA 611.0 £ 756 128+43 13+05| 224+84 29+11 03£01| 188+9.1 22412 04£02
KCVQ [EERGWE 15080 1.6+09| 350+158 52+22 05+02|21.24+101 24+ 1.1
KCVQ+NDA 564.1 £61.4 97+38 10+£05| 303+131 40+15 04+02| 183+89 23+12 04£02
KCVQ+EDA 586.0 £73.2 108+45 124+05| 31.5+£138 41+16 05+02| 192+94 24+13 04+02
BASE-MEAN-+DT  565.7 + 47.1 gl 05+02 106+24 07+£02 01+£00 122+46 EES
MUTAG NCI1 PROTEINS
Search Training  Inference Search Training Inference Search Training Inference
PROP-1 58+ 2.7 07+04 01+£00|101.6+116.7 82+93 1.0+ 1.1[392+£200 47+26 05+0.3
PROP-1-+NDA 5.8 + 2.8 07+04 01+£00| 70.1+316 57+26 07+03]402+206 48+27 0.6+0.3
PROP-1+EDA 59 + 2.8 07+04 01+£00| 7484346 62+31 07+04]|421+215 48+28 0.6=+0.3
PROP-4 2.5+ 0.9 02+0.1 NUOENGON 542 +218 32+17 04+02| 207+£81 19+11 02+0.1
PROP-44+NDA 2.6 +0.9 02+ 0.1 NUOENGON 57.1+223 35+13 04+£02] 223+£82 20+1.0 02+0.1
PROP-44+EDA 2.7+ 1.0 02+ 0.1 HUOEHON 61.5+248 35+14 04+£02]| 244+£97 22+12 03=+0.1
KCvVQ 59 + 2.7 08+04 01+£00| 8124372 66+29 0.6+0.3]|41.5+205 47+25 05+0.3
KCVQ+NDA 58 £ 2.7 07+04 01+£00| 7224318 54+22 06+03|386=+191 44+24 05+0.3
KCVQ+EDA 59+ 28 0704 01+£00]| 772+£351 57+£25 06+£03|41.1+205 49+26 06=+0.3
BASE-MEAN-+DT 01+01 00+£00 383+94 03+01 147+£23 09=£05

Table 6.16: Average time (seconds) spent on Search, Training and Inference on
TUDatasets (in seconds) - comparison between KCpp and DKCpp strategies. Best
results are highlighted with a black background, second best with a gray background.

6.2.4 Larger Scale Experiment

Several other datasets were proposed in the graph literature. In [9] were proposed the

OGB datasets, which have a clear goal of structuring benchmarks related to graph
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learning tasks. These datasets have predefined metrics to be evaluated, predefined
training and test splits, and present problems at larger scales (some of them having
terabytes of size). While they are categorized over small, medium and large scales,
even their small scale datasets are larger than the TUDatasets used in previous

experiments.

Datasets & Evaluation

In this work, due to size constraints, only one OGB dataset was chosen for exper-
iments, called OGB-molhiv. This is the smallest dataset in the group and it is
associated with a binary classification problem. The task is to predict whether the
graph (molecule) inhibits HIV virus replication or not. More details are presented

in Tables [6.17 and [6.18

type # Graphs Nodes per graph(avg) Edges per graph (avg) Task Evaluation Metric
Biolnf 41,127 25.5 27.5 Binary Classification ROC-AUC

Table 6.17: OGB-molhiv dataset statistics

Several trials were conducted varying the input size between in the range
[8192,40960] in steps of 4096. The number of random possibilities was fixed in
P =100, within a day of experiment. Since it is not feasible to load several copies
of this dataset in the memory at the same time, a batch-oriented learning frame-
work was used. In other words, only a batch b of 256 examples of the training data
was used at a time, restricting the memory utilization, thus allowing more paral-
lelization, up to 8 jobs. Some modifications were then introduced: the calculation
of CDFs via data sketches [147] and the use of a K-means mini batch variation
available in [85]. Also, the analysis was constrained to the classifiers that allowed
for this kind of learning: WiSARD, ClusWiSARD and BloomWiSARD.

Overall Results

Authors in [9] have also pre-defined how the evaluation on the OGB-molhiv dataset
is done. Hence, the results presented here follow their evaluation metric (ROC-
AUC). For each experiment and each classifier, the best ROC-AUC is reported in
Table [6.191

Node Labels Edge Labels Node Attr. Edge Attr.
- - Y(9) Y(3)

Table 6.18: OGB-molhiv dataset attributes
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Validation ‘ Test

WIiSARD  ClusWiSARD  BloomWiSARD | WiSARD  ClusWiSARD BloomWiSARD
PROP-1 0.6020 0.6037 0.5375 0.5968 0.5933 0.5045
PROP-1+NDA  0.6143 0.5915 0.5370 0.5745 0.5815 0.5035
PROP-1+EDA  0.5906 0.5773 0.5307 0.5815 0.5748 0.5000
PROP-4 0.6145 0.6215 0.5784 0.6092 0.6164 0.5939
PROP-4+NDA  0.6229 0.6250 0.5760 0.6086 0.5940
PROP-4+EDA | 0.6541 0.6058 0.5755 0.6143 0.6060 0.5938
KCVQ 0.6122 0.6093 0.5086 0.5567 0.5663 0.5077
KCVQ+NDA  0.6201 0.6685 0.5187 0.5567 0.5723 0.5248
KCVQ+EDA  0.6262 0.6146 0.5233 0.5562 0.5568 0.5096

Table 6.19: ROC-AUC for both validation and test sets for the OGB-molhiv datasets
for each classifier. Best results are highlighted with a black background, second best
with a gray background.

From this table, it is possible to conclude that the best overall classifier was the
ClusWISARD, with best overall result being the one using the Naive Distributive
Activation (DKCpp). It is also worth noting that the validation score was not a good
proxy for the test score, since several approaches with good validation scores were
not able to repeat the same success on the test data. Among the KCpp propositions,
the PROP-4 stands out as a better strategy, but with respect to the activation policy,
the results vary per classifier. Nevertheless, all values obtained in this experiment
were still far away from the values in the OGB online rank ﬂ, where the first place
has a ROC-AUC of 0.8475 + 0.0003 and the last candidate has a ROC-AUC of
0.7549 £ 0.0163.

There might be several reasons for this results, such as

e Models sizes are not comparable: even the last place in the online rank has

more than 500k optimized parameters;

e Many dataset attributes are categorical and the histogram strategy is failing

to capture them as the KernelCanvas does on other datasets;

e Extreme low percentage of positive data, leading to biased models.

6.2.5 Sampled Input Size and Activation Rate

In this section, another experiment was drawn to analyze the effects of two aspects
not analyzed before. In previous experiments, input sizes were searched but fixed as
a hypothesis. Given that the input size was fixed, other parameters were searched
for each input size. In this experiment, the input size was searched, but sampled.
Also, it was analyzed the effects of the activationRate in the proposed KC++ and
DKC+-+, which was kept fixed in prior experiments.

3https://ogb.stanford.edu/docs/leader _graphprop/#ogbg-molhiv
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Datasets & Evaluation

The input size sampling was done with two hypothesis: sample a small budget - SSB,
where the input size was sampled from the interval [2048,16384] in steps of 2048,
and sample a big budget - SBB, where the input size was sampled from the interval
[8192,40960] in steps of 4096. After that, all parameters were calculated in the
same way as before. Also, for the activationRate, it was searched within the values
0.0,0.01,0.03,0.07,0.1, while it was kept fixed at 0.07 in previous experiments.
The datasets were the same of the TUDatasets from previous section with the
addition of the OGB-molhiv. The TUDatasets were evaluated with 16 workers and
across the WiSARD, ClusWiSARD, BloomWiSARD, BTHOWEN, and Random-
Forest classifiers. The OGB-molhiv was evaluated using a total of 8 workers, being
only evaluated in the same set of classifiers as before: WiSARD, ClusWiSARD and
BloomWiSARD. All other parameters were searched in the same way as the previous

experiments.

Accuracy Results in TUDatasets

Tables [6.20] to [6.25] show the mean accuracy for a ten-fold cross validation execution
per classifier and strategy. Each table focus on the results for a specific dataset.
Overall, the same behavior from previous experiments is observed again, where
each dataset is perceived as an unique problem by itself. In a comparison between
WiSARD flavors and the RandomForest classifier, there is a tie, with three best
results for each.

In Table is possible to see that in the COLLAB dataset, the PROP-1 is the
leading strategy, as before. Generally, in this dataset, the DKCpp alternatives are
marginally better than pure KCpp alternatives. Concerning the ENZYMES dataset,
the results in Table [6.21| show a divided scenario, with no clear predominance of
strategies. A similar scenario happens in Table [6.23] and Table [6.24] which refers
respectively to the MUTAG and NCI1 dataset. For the IMDB-M dataset, with
results presented in [6.22] there is a clear accuracy superiority for the strategies
using the PROP-4. This is mostly due to the K-means generated centroids, because
there are only structural attributes in this dataset. Like in the COLLAB dataset,
strategies with DKCpp are generally better than pure KCpp strategies. With respect
to the PROTEINS dataset, data in Table show a predominance divided by two
strategies, PROP-1 and KCVQ), but again, DKCpp performed generally better than
pure KCpp alternatives.

In comparison with the results presented in all previous experiments using the
TUDatasets, the best overall results are generally lower in this experiment. This is

mainly due to fact that the search space is greater, while the number of combina-
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Strategy ‘ Classifier
‘ RandomForest ~ WiSARD  ClusWiSARD BloomWiSARD BTHOWeN RandomWiSARD

PROP-1-SSB 85.52 + 1.02 84.93 + 1.02 84.35 + 0.89 84.89 + 1.07 81.92 £ 1.56 83.92 + 1.35

PROP-1-SBB 85.69 + 1.09  85.08 + 1.00 = 84.95 + 1.35 84.69 + 1.01 79.05 + 8.58 OOR
PROP-1+NDA-SSB | 85.47 + 1.25 [ESEGEENIREE 84.23 + 1.16 85.05 £+ 1.02 67.49 £ 13.25 83.96 + 1.42
PROP-1+NDA-SBB | 85.23 4+ 1.26 85.16 &+ 1.02 gRERIRE=NNIE] 84.93 + 0.87 76.52 + 11.39 84.01 £+ 1.29
PROP-1+EDA-SSB ERESNECIE=NIKIIN 35.11 + 0.73 84.68 + 1.30 84.53 £ 1.46  70.96 &+ 13.77 83.64 + 1.26
PROP-1+EDA-SBB | 85.23 + 1.23 | 85.39 + 0.90 84.67 + 1.17 84.67 + 1.55 78.44 + 8.48 OOR

PROP-4-SSB 85.13 £ 1.14 84.08 £ 1.58 83.92 + 1.11 83.93 £ 1.25 78.84 + 8.44 OOR

PROP-4-SBB 85.52 £0.94 84.72 £ 1.15 83.80 + 1.23 83.56 £ 1.72 74.59 + 11.74 OOR
PROP-4+NDA-SSB | 85.08 & 1.05 84.87 + 0.66 84.37 £+ 1.11 84.12 £ 1.40 72.65 £ 12.26 82.97 £ 1.33
PROP-4+NDA-SBB | 85.37 + 1.18 84.57 + 1.04 83.79 £ 1.47 84.47 £ 1.16 70.91 £+ 13.59 OOR
PROP-4+EDA-SSB | 85.20 = 1.17 84.40 + 1.01 84.12 + 1.71 83.96 £ 1.78 74.69 + 10.83 OOR
PROP-4+EDA-SBB | 85.37 = 0.96 84.44 + 1.42 84.13 £+ 0.89 84.12 £ 1.37 76.19 £+ 9.84 OOR

KCVQ-SSB 84.27 £ 1.10 83.72 + 194 83.17 £ 1.28 82.05 £ 1.04 79.93 £+ 2.97 82.27 £ 1.37

KCVQ-SBB 84.76 £ 1.04 83.51 +£1.30 82.92 £+ 1.11 82.36 £ 1.72 78.80 + 8.41 OOR
KCVQ+NDA-SSB 84.69 £ 1.25 83.53 £ 1.36 83.96 + 1.02 83.45 £ 1.01 80.59 + 1.67 82.29 £ 1.50
KCVQ+NDA-SBB 85.11 £ 1.51 83.71 £ 1.28 83.81 £ 0.76 83.57 £ 1.35 81.12 £+ 1.49 OOR
KCVQ+EDA-SSB 84.64 +2.22 83.81 +£0.92 83.75 + 1.16 82.97 + 1.15 80.56 + 1.42 82.29 + 1.36
KCVQ+EDA-SBB 85.37 & 1.52  84.49 + 1.05 83.49 £+ 1.71 83.53 £+ 1.56 81.12 £+ 1.49 OOR

Table 6.20: Average accuracy and standard deviation per strategy in the COLLAB
dataset. Best results are highlighted with a black background, second best with a
gray background.

tions is kept fixed in P = 100. This fact still has to be verified, but results here are
generally similar than the results observed in previous experiments. This concludes
that the input size can be treated as an hyperparameter. The activationRate pa-
rameter was not that relevant and varying it implied in no increase in the accuracy.
The number of combinations could be increased, but due to time constraints, it was

treated as out of scope.

Results for the OGB-molhiv

Regarding the OGB-molhiv dataset, ROC-AUC results are presented, as it is the
designed evaluation metric. The best ROC-AUC is reported for each classifier and
strategy in Table [6.26]

Results from this table show the ClusWiSARD as the best classifier for this
dataset. Once again, the best validation score did not imply the best test score,
indicating possibly overfitted models. Among the KCpp alternatives, the PROP-4
is again the leading strategy, but there is no clear DKCpp alternative that prevailed.
Comparing with the previous results on this dataset, there is a marginal increase
in the best overall result with the ClusWISARD, but a huge decrease with the
other classifiers. The most plausible explanation to this fact is the same as before,
as a limited number of possibilities in a greater search space leads the search to

alternatives that might not be as successful as before.
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Strategy ‘ Classifier
‘RandomForest WiSARD ClusWiSARD BloomWiSARD BTHOWeN RandomWiSARD

PROP-1-SSB 89.78 £ 1.70  89.83 £ 2.22 90.06 £ 2.33 89.50 £ 248  78.50 &+ 1.80 89.50 + 2.56
PROP-1-SBB 89.50 £ 1.69 90.72 £ 1.91 89.78 £ 2.07 PRV RO 72.72 + 1.58 89.17 + 2.05

PROP-14+NDA-SSB [ELIN(IE=NUgl 89.61 + 1.78  89.00 £+ 2.69 87.94 £2.87 7828 & 2.81 89.83 + 2.40
PROP-1+NDA-SBB | 89.44 4+ 1.76  90.39 + 2.03  89.50 £ 2.49 89.72 £224 7289 £ 2.11 89.22 + 2.07
PROP-1+EDA-SSB | 89.61 +2.05 89.28 £2.36 90.17 + 1.72 88.50 £2.49  77.72 £ 341 89.89 £ 2.23
PROP-1+EDA-SBB | 89.94 +£1.62 90.22 +£1.78 88.28 £ 3.04 90.22 £ 1.55  72.22 4 0.00 88.78 + 2.64

PROP-4-SSB 90.00 &= 1.70  89.11 +2.00 88.17 £ 3.13 89.17 £ 226  78.06 + 2.00 90.89 + 2.51
PROP-4-SBB 89.78 £ 2.54 90.67 £ 2.69 89.06 £ 2.54 89.94 £2.15 81.94 +£ 3.15 OOR
PROP-4+NDA-SSB | 89.67 +1.84 88.11 £ 2.07 89.06 £+ 2.81 90.17 £1.96  79.56 £ 3.48 OOR
PROP-4+NDA-SBB | 90.00 & 2.27  90.00 + 2.87 jlsRi==pXl] 89.78 £ 2.37 | 82.44 &+ 2.35 OOR
PROP-4+EDA-SSB | 89.61 + 1.96 89.06 + 1.87 88.11 + 3.16 88.78 £2.19  79.56 &+ 3.38 OOR
PROP-4+EDA-SBB | 89.33 £1.97 89.83 £2.14 89.89 + 1.30 89.89 £ 2.78  82.33 £ 2.83 OOR
KCVQ-SSB 89.67 £ 2.16 88.33 £ 1.59 89.28 £ 1.96 88.39 £ 2.17  78.72 &£ 2.98 OOR
KCVQ-SBB 89.89 + 1.45 REUNEI==PAIEN 39.83 + 2.16 90.11 £ 1.36  81.00 & 4.01 OOR
KCVQ+NDA-SSB SOOI VG SS.72 + 1.31  89.11 £ 2.11 88.33 £2.21  78.17 £ 3.57 OOR
KCVQ+NDA-SBB 89.39 £ 1.93 90.00 + 2.22 = 90.28 £ 1.12 89.83 £2.21  82.00 &+ 2.61 OOR
KCVQ+EDA-SSB 89.17 +£2.49 88.89+ 191 88.61 £3.13 88.61 £2.29  78.94 4+ 3.48 OOR
KCVQ+EDA-SBB 89.28 £2.43 89.78 £ 1.78 89.83 £ 1.96 89.28 £ 2.70 |EPAYEE=PAL] OOR

Table 6.21: Average accuracy per strategy in the ENZYMES dataset. Best results
are highlighted with a black background, second best with a gray background.

Strategy ‘ Classifier
‘ RandomForest ~ WiSARD ClusWiSARD BloomWiSARD BTHOWeN RandomWiSARD
PROP-1-SSB 65.11 £ 1.65 65.02 £ 2.36 64.53 + 2.76 64.67 + 2.26 62.40 4+ 3.24 64.80 £+ 1.66
PROP-1-SBB 64.93 £ 1.87 65.11 £ 1.85 64.84 + 3.07 64.80 + 2.11 62.18 4+ 2.01 64.67 £ 1.98

PROP-1+NDA-SSB | 65.07 £ 1.83 64.80 £ 2.71 65.07 £ 3.07 64.40 £2.03  61.51 &£ 3.51 65.16 + 2.79
PROP-1+NDA-SBB | 65.38 +2.28 65.42 = 2.24 = 65.33 & 3.44 64.93 £3.00  62.80 £ 2.77 64.89 £ 2.45
PROP-1+EDA-SSB | 64.53 & 1.57 64.89 £ 245 64.76 £ 2.87 64.93 £2.17  61.64 & 2.43 65.24 + 3.47

PROP-1+EDA-SBB | 64.76 = 2.21 65.24 &+ 2.57 65.29 £+ 2.19 64.67 £ 2.27 ERNZEE=RRT 64.93 £+ 2.25
PROP-4-SSB CHWEI= Ol 65.38 + 3.65 64.31 £ 2.51 64.44 £2.69 6236 &£ 2.17 65.07 = 3.03
PROP-4-SBB 65.07 £ 1.76 | 65.64 £ 2.58 65.11 £ 2.20 64.98 £ 2.67 62.13 &+ 3.34 65.11 £ 2.06

PROP-44+NDA-SSB | 65.29 £ 1.72 65.24 £+ 2.63 65.29 £+ 1.96 64.71 £2.74 | 63.38 &+ 2.36 64.98 + 2.26
PROP-4+NDA-SBB | 65.24 +2.78 65.64 £ 3.24 64.98 + 2.22 64.80 £2.65 61.87 £ 2.70 65.56 = 2.59
PROP-4+EDA-SSB | 65.02 &+ 2.85 |SEGUESERAY 64.76 + 1.66 65.82 £ 2.82  63.02 &+ 2.96 66.09 &+ 2.55
PROP-4+EDA-SBB | 65.38 £ 2.83 65.51 & 2.50 JENEIE=RI (GRYE==RE G (2.04 + 2.94 64.13 + 2.07
KCVQ-SSB 65.42 & 2.23  64.62 &= 2.11 64.53 £ 2.53 64.58 £2.74  62.53 &£ 3.07 65.64 = 3.19
KCVQ-SBB 64.98 £1.96 6538 £1.91 65.29 £ 247 64.67 £ 2.64  62.36 £ 3.16 64.49 + 2.58
KCVQ+NDA-SSB 65.16 +2.23  65.11 +2.10 64.53 £ 2.89 64.04 £2.26  61.73 + 3.08 65.56 + 3.03
KCVQ+NDA-SBB 64.89 &= 1.77  65.51 & 2.52  65.07 £ 1.82 65.11 £2.89  62.00 &= 3.40 64.53 = 2.20
KCVQ+EDA-SSB 65.11 £1.85 64.31 £ 2.34 64.71 £ 2.58 64.27 £2.86  62.76 £ 1.99 65.69 £ 3.13
KCVQ+EDA-SBB 64.22 £ 1.47 65.60 £ 2.29 64.71 £ 1.99 64.84 £2.84  61.87 & 3.39 64.53 + 2.33

Table 6.22: Average accuracy per strategy in the IMDB-M dataset. Best results are
highlighted with a black background, second best with a gray background.

82



Strategy ‘ Classifier
‘ RandomForest WiSARD ClusWiSARD  BloomWiSARD  BTHOWeN  RandomWiSARD

PROP-1-SSB 83.57 £ 6.66 8459 +£7.60 81.37 =834 8249+ 696 |7327£21.28  80.88 + 5.62
PROP-1-SBB 83.04 £ 584 | 8617 £7.53 8459 £519  84.04£997 51.08+22.84  79.33 +£10.26
PROP-14NDA-SSB | 84.09 + 6.46 8143+ 745 8298 +739 8249 +6.9¢ [EEEEHERCRE 80.82 £ 6.96
PROP-1+NDA-SBB | 85.15 + 6.85  85.61 = 9.33 | EHNIENGEEN 83.04 879 61.37 £2282  77.75 £ 9.73
PROP-1+EDA-SSB | 84.59 +6.27 8143 £7.02 8561 751  83.01 730 68.01 2453  80.82 £ 7.39

PROP-1+EDA-SBB | 84.62 4+ 5.69 8295+ 6.55 8453 +£850 8140 +10.30 71.32 + 20.13
PROP-4-SSB 84.09 £ 549 83.63+£11.16 83.51£6.30  83.57 £ 567 45.09 +£19.00  81.37 +8.43
PROP-4-SBB 86.23 & 6.59 8298 £ 6.01  84.09 697 51.93+£2473 7871 % 8.96
PROP-4+NDA-SSB | 85.61 + 7.56 |JEHE 8246 £ 7.06  85.15+6.91 6275 + 24.68 | 81.93 £ 6.61
PROP-4+NDA-SBB | 84.09 + 6.46  82.51 £ 7.35 84.04 £8.95 | 85.67 £6.98  48.25 £ 24.24  79.82 £ 8.83
PROP-4+EDA-SSB | 86.20 = 5.01  85.67 + 6.93 | 85.64 + 7.03 |EHUETEI 4325 +24.24  79.80 £ 7.74
PROP-4+EDA-SBB | 84.09 £ 7.76 | 86.17 £5.67 85.12+£7.75  84.62£ 569 4427 +19.06  80.82 + 8.38
KCVQ-SSB 8348 +7.30 8459 £ 7.18 7933+ 7.06 8459 £ 718 6544 +23.68  80.82 4+ 9.74
KCVQ-SBB PN 3512 +9.53 8348 £6.40  85.64 £ 9.62 5743 +£21.63  76.64 + 11.41
KCVQ+NDA-SSB | 86.67 £6.35 8512+ 7.75 84.09+£9.54 8512+ 7.75 5596 +24.90  80.82 4 9.74
KCVQ+NDA-SBB | 83.04 +7.71 [ 8617 £935 8295+553 8512+10.16 5743 +21.63  76.64 + 11.41
KCVQ+EDA-SSB | 8298 +7.39 85124+ 7.75 8249 +£855 8459 +7.99 5544 +24.16  81.40 & 9.68
KCVQ+EDA-SBB | 83.07 = 7.67 85.67 + 10.50 82.98 +7.39  85.67 + 1020 52.16 £20.77  76.64 + 11.41

Table 6.23: Average accuracy per strategy in the MUTAG dataset. Best results are
highlighted with a black background, second best with a gray background.

Strategy ‘ Classifier
‘ RandomForest ~ WiSARD  ClusWiSARD BloomWiSARD BTHOWeN RandomWiSARD

PROP-1-SSB 7389 £211 7085 +232 7153+£119 7044 +£204 65.01£6.03 7178 £ 1.51

PROP-1-SBB 7326 £241 72734+ 194 7141 +£350 7207 £2.04 64.82+573
PROP-1+NDA-SSB | 7453 £1.95 | 72.53 £256 71.31+199 7173+ 171 66.89 + 3.36 79
PROP-1+NDA-SBB | 73.92 215 73.07+227 7253+ 177 7L19+226 6494+414  70.97 +1.63
PROP-1+EDA-SSB | 73.24 £268 71.68+2.66 7122+ 174 7139286 6234+542 7136+ 2.06
PROP-1+EDA-SBB | 74.53 £223 7277 £217 7170 152 7243 +£216 66.03 +£328 7173 +£218
PROP-4-SSB 7321 £1.90 70.63+283 7146+202 7119+ 1.68 [[EECEEEE] 71.00 £ 2.60
PROP-4-SBB 73.97 £256 7255 268 72924240 7297 +£146 6642 £ 271  72.19 & 1.40
PROP-4+NDA-SSB | 72.99 +2.01 71.39 +233 [ 7328 £242 7136 £225 6560 £3.08  71.87 +2.20
PROP-4+NDA-SBB | 74.06 = 2.67 |EEUESPREY 71.58 £3.06 7314 +£202 6582+6.03  71.05+ 1.86
PROP-4+EDA-SSB | 73.67+ 157 7294 +258 72.70+213 7090 £261 6589 +3.19 | 7231 £223
PROP-4+EDA-SBB | 74.06 + 243 [73.09 £ 310 7234+ 176  72.99 £220 |[67.03 £33l  71.70 & 2.22
KCVQ-SSB 7221 £234 7190 £248  71.29 +£2.52  63.55 £ 3.84 7217 £ 2.52
KCVQ-SBB 73.65 £3.13 7236250 7275+£297 | 7328£1.96 | 64.84+230  71.90 £ 175
KCVQ+NDA-SSB | 74.50 270 72.09 & 2.64 71.56 +£3.00  70.66 & 2.43  60.95 + 515 7217 & 2.51
KCVQ+NDA-SBB | 73.82 347 72.80 + 1.78 | EEXEEXCIEEEEESEM 66.08 + 2.23  71.92 & 2.08
KCVQ+EDA-SSB | 74.50 £2.70 7221 +£268 7131+186  7L.05+202 6L75+567  72.02 + 250
KCVQ+EDA-SBB | 74.28 £3.30 7280 218 73.02+£249  73.11+212 66.06 £ 240  72.17 + 237

Table 6.24: Average accuracy per strategy in the NCI1 dataset. Best results are
highlighted with a black background, second best with a gray background.
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Strategy ‘ Classifier
‘RandomForest WiIiSARD  ClusWiSARD BloomWiSARD BTHOWeN RandomWiSARD

PROP-1-SSB 75.21 £4.41 7422 +£ 3.68 74.94 + 5.03 73.68 £3.50  64.88 £ 17.25 75.30 & 4.36
PROP-1-SBB 74.31 £4.61 74.31 £ 5.56 74.40 £+ 4.29 74.04 £ 5.76 75.57 £ 3.85
PROP-1+NDA-SSB | 75.65 + 2.92 74.76 + 3.71 72.33 4+ 3.31 73.50 £ 3.21  62.89 & 16.04 75.93 £+ 4.68
PROP-1+NDA-SBB | 75.65 & 4.21  75.20 £ 3.75 73.32 £+ 4.16 72.60 & 4.59 74.58 £ 4.18 76.02 £ 3.97
PROP-1+EDA-SSB | 7547 £3.35 74.94 £545 73.14 +5.80 74.30 £ 3.67  66.92 & 14.62 74.58 £ 3.65
PROP-1+EDA-SBB | 74.12 £ 4.45 | 75.93 £ 4.80 ENGRIIERRS) 74.85 £ 3.73  70.47 £ 11.25 75.12 £ 4.02
PROP-4-SSB 75.48 £ 3.76 7512 &£ 4.66 72.51 & 4.27 7449 + 4.04  67.64 £ 14.56 74.57 £ 3.95
PROP-4-SBB 73.76 £ 3.82  73.76 & 3.47  73.59 & 5.80 7277 £ 444 69.71 £ 11.11 74.39 £ 4.26
PROP-4+NDA-SSB | 74.85 +4.05 75.02 &£ 3.50 73.32 £ 4.19 73.32 £4.70  64.52 &£ 16.92 75.12 £ 4.89
PROP-4+NDA-SBB | 74.67 & 3.15 74.04 £4.27 74.12 £ 3.02 73.85 £3.99  70.88 £ 11.70 74.94 + 4.23
PROP-4+EDA-SSB | 74.58 +£3.84 74.39 £ 3.11 72.95 £ 5.11 74.84 £5.00 62.99 £+ 15.95 75.39 £ 4.16
PROP-4+EDA-SBB | 72.96 £ 3.93 73.68 £ 448 72.15 £ 4.00 73.41 £ 454  63.53 £ 16.90 75.83 £ 4.42
KCVQ-SSB 7421 £4.35 7511 & 3.51 74.57 &+ 3.08 7529 £3.19 6741 £ 15.04 74.22 + 4.08
KCVQ-SBB 74.40 £ 4.60 74.66 & 3.59 72.78 = 4.28 74.84 £3.33  69.72 £ 11.17 75.84 + 4.54
KCVQ+NDA-SSB 74.48 £ 548 7557 £ 4.51 74.57 & 2.65 75.57 & 451  68.81 &+ 15.46 76.11 &+ 4.45
KCVQ-+NDA-SBB 7413 £5.28 7413 £4.33 73.59 + 2.96 74.58 £3.81  62.99 £ 15.77 75.65 + 4.42
KCVQ+EDA-SSB 75.30 £ 5.36 [UUGHIE=PRIN 74.48 1+ 2.82 (NN 70.80 £+ 11.80 75.21 &£ 4.95
KCVQ+EDA-SBB 74.22 £5.59 74.58 & 3.56 | 75.20 & 4.55 7476 £ 3.62  62.96 &+ 15.72 76.28 £ 4.42

Table 6.25: Average accuracy per strategy in the PROTEINS dataset. Best results
are highlighted with a black background, second best with a gray background.

6.3 Leveraging Embeddings with KC++ and
DKCH+

Following the approach discussed in Section [5.1, two extensions to the initial
pipelines are proposed and evaluated. They both try to maximize the use of node
attributes, with the experimental adoption of the KernelCanvas as a graph-level
readout function. This performance is also compared with the performance of using

strategies previously defined.

6.3.1 Architecture for Attributed Graphs and KC Investiga-
tion

In [I13], authors propose a generic approach for attributed graphs, although the
evaluated datasets do not present any. Manually created features using nodes’ log-
degree and clustering coefficient are used instead. With the use of node attributes,
graph embeddings can assume a prohibitive size. Authors in [112] experiment with
a node-level attributed version that uses the SVD [148] dimensionality reduction
technique. The caveat is that in this work there is no clear distinction of the results
using the structural manually created features and no graph-level attributed version
is evaluated or proposed. In the context of WNN models, the use of thermometers
also increases the input size by a factor of B, where B is the number of bits per
attribute, being mandatory to reduce the input dimensionality.

Let the final embedding matrix X € R¥*? where X; is the embedding for
graph G; after the pooling function. The application of SVD to these embeddings
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Validation ‘ Test

WiSARD  ClusWiSARD  BloomWiSARD | WiSARD  ClusWiSARD BloomWiSARD
PROP-1-SSB 0.5670 0.5759 0.5246 0.5748 0.5705 0.5000
PROP-1-SBB 0.6136 0.6138 0.5123 0.5375 0.5599 0.5000
PROP-1+NDA-SSB  0.6019 0.5811 0.5185 0.5516 0.5021 0.5000
PROP-1+NDA-SBB | 0.6033 0.6045 0.5306 0.5155 0.5613 0.5000
PROP-1+EDA-SSB  0.5829 0.5834 0.5185 0.5196 0.5164 0.4999
PROP-1+EDA-SBB  0.5912 0.5861 0.5246 0.5149 0.5568 0.5000
PROP-4-SSB 0.5474 0.6011 0.5200 0.5935 0.5292
PROP-4-SBB 0.5746 0.5786 0.5484 0.5606 0.5007 0.5000
PROP-4+NDA-SSB  0.5750 0.5557 0.5192 0.5984 0.5243
PROP-4+NDA-SBB  0.5904 0.5757 0.5327 0.5922 0.5132 0.5175
PROP-4+EDA-SSB  0.5897 0.5670 0.5181 0.5436 0.6053
PROP-4+EDA-SBB  0.5785 0.5680 0.5719 0.5682 0.5253 0.5388
KCVQ-SSB 0.5324 0.5424 0.5206 0.5979 0.5099 0.4941
KCVQ-SBB 0.5558 0.5825 0.5060 0.5353 0.5691 0.5037
KCVQ+NDA-SSB 0.5340 0.5438 0.5091 0.5917 0.5087 0.4929
KCVQ+NDA-SBB  0.5609 0.5825 0.5060 0.5052 0.5691 0.5037
KCVQ+EDA-SSB 0.5289 0.5439 0.5183 0.4983 0.5174 0.4928
KCVQ+EDA-SBB 0.5514 0.5825 0.5059 0.5344 0.5691 0.5033

Table 6.26: ROC-AUC for both validation and test sets for the OGB-molhiv dataset-
for each classifier, strategy and sample strategy. Best results are highlighted with a
black background, second best with a gray background.

is proposed, resulting in a matrix X* € RY¥*¥ where k is number of dominant
components of the singular value decomposition. The remainder of the architecture
is kept the same, using the Distributive Thermometer and a final classifier. This
variation will be referenced using the prefix POOL-SVD.

Following the approach developed in the previous section, another variation is
proposed, referenced by the prefix SVD-KC and defined as follows. After all L node
embeddings have been calculated, SVD is performed and the resulting matrix X' €
RE*F is fed to KernelCanvas+ -+, configuring the binarization step. The resulting
binary vector is then fed to the final classifier in a similar fashion to the other

alternatives.

6.3.2 Experimental Setup & Results

Following the initial experiment in Section both WAVE and FTH have pre-
sented the best results considering the average only on RandomForest, WiSARD
and ClusWiSARD. Hence, these two embeddings were elected as candidates for the
evaluation of the attributed alternatives. They also make use of a mean pooled
average of node embeddings to form their graph embeddings, which enables the
comparison with a different readout such as the proposed SVD-+KC alternative.
The datasets in this evaluation were the same as in Section [6.1], also using the
same manually created features for the IMDB-M and COLLAB datasets. The same
methodology was used for hyperparameter search and a subset of WNN classifiers
was used along the RandomForest baseline: WiSARD and ClusWiSARD.
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Two different baseline strategies were also evaluated : BASE-MEAN-DT and
BASE-KC. The BASE-MEAN-DT strategy is defined by using mean pooled node
attributes (log-degree and clustering coefficient) as structural attributes and mean
pooled node and edge attributes when applicable. These means are quantized using
a Distributive Thermometer and fed to a classifier. A binary histogram is used
for categorical attributes, also similar to Section [6.I} The final representation also
follows Section [6.1], concatenating all quantized means and histograms into a single
binary vector used as input. The BASE-KC is the same as the PROP-1 from [6.1],

but using only log-degree and clustering coefficient as structural features.

COLLAB ENZYMES IMDB-M
RandomForest  WiSARD  ClusWISARD ‘ RandomForest  WiSARD  ClusWISARD ‘ RandomForest WiSARD  ClusWISARD

A-POOL-SVD-FTH 85.5 £ 1.1 777 £0.8 OOR 83.8 £ 3.0 80.3 £ 1.8 802 £ 1.9 66.1 + 2.1 59.3 £ 2.9 60.6 £ 3.2
A-SVD-KC-FTH 81.5+ 0.9 779 + 0.6 OOR 76.4+19 75.6 = 1.9 75.0 £ 1.8 64.0 + 1.8 63.8 = 2.9 63.1+1.9
A-POOL-SVD-WAVE 859 £1.2 OOR OOR 83.6 = 2.0 81.3 £29 81.2 £ 3.1 66.2+24 653+18 64.6 + 2.3
A-SVD-KC-WAVE 77.5 £ 1.0 76.8 £ 0.9 OOR 752+ 1.9 75.7 £ 2.7 752 £ 1.8 63.3 £ 1.9 63.6 + 2.4 64.0 £ 1.4
SVD-KC-FTH 81.1 +£1.2 77.6 £0.7 OOR N/A N/A N/A 63.2 £ 2.1 64.0 £ 2.1 63.2 £ 2.8
SVD-KC-WAVE 773+ 1.1 76.5 £ 0.8 OOR N/A N/A N/A 62.8 + 2.9 63.8 £+ 2.2 62.4 + 2.5
BASE-KC 86.0 £ 1.3 89.9 &+ 2.1 B 66.5 + 1.8 66.4 £+ 2.0 65.7 £+ 2.9
BASE-MEAN-DT 80.5+ 0.8 81.0 £ 1.3 81.0 £ 1.5 872+ 22 86.1 £ 1.7 86.1 £ 2.5 64.8 + 1.8 64.8 + 3.3 64.4 + 1.3

MUTAG NCI1 PROTEINS

RandomForest ~ WiSARD ~ ClusWISARD | RandomForest ~ WiSARD ~ ClusWISARD ‘ RandomForest  WiSARD  ClusWISARD
A-POOL-SVD-FTH 84.0 £ 7.5 70.2 £13.7 76.7 £11.0 73.7 £ 2.0 71.4 £ 3.7 56.4 £ 5.2 59.4 £ 3.5
A-SVD-KC-FTH 70.3 £ 9.3 74.0 = 6.2 739+ 75 65.6 + 1.8 64.6 = 1.6 714 +£53 71.0 £ 54 721+ 3.1

A-POOL-SVD-WAVE ~ 84.1£55 83.0 + 6.4 782+ 1.8 . 711426  601+31  60.3+27
A-SVD-KC-WAVE 693499  644+83 718 £68 64.5+26 642+ 1.6 710444 T15+£54  TL6£24
BASE-KC 85.1£60 771468 7814116 | 660+£19  664+24 654+ 18 73.2 &+ 4.5
BASE-MEAN-DT ERETEIN 346 +6.3 70.14+27  683+£22 67.2+36 785+55 TAl+54  123+44

Table 6.27: Average accuracy in 10-fold cross validation on a selection of TU-
Datasets. Best results are highlighted with a black background, second best with a
gray background.

Table depicts the same scenario already mentioned in other experiments:
every dataset is a different problem and there is no strategy that can beat all other
strategies in all datasets. The results show that two proposed strategies can beat
the baselines only in the NCI1 dataset with both A-POOL-SVD-FTH and A-POOL-
SVD-WAVE. When comparing Table with Table [6.27] it is possible to conclude
that replacing the mean pool readout with SVD+KC does not yield better results.
This is also reflected in the attributed variations, where the A-POOL-SVD varia-
tions generally perform better than their counterparts A-SVD-KC. The only clear
exception in the PROTEINS dataset. This may be explained by the use of SVD on
a matrix of graph embeddings instead of a matrix of node embeddings, but needs
to be further investigated.

Another interesting point to take into account is that the strategy proposed in
Section [6.1] is indeed a strong representation. Its surpasses all graph embeddings in
both COLLAB and IMDB-M datasets when using the RandomForest and generally
has a better performance when the WiSARD is used.
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6.4 Conclusions

Both architectures from previous chapter demonstrated to be successful attempts
to graph classification. However, the whole distribution strategy lacks the use of all
attributes in the graph, providing opportunities for further exploration. Following
this exploration opportunity, this chapter introduced a new framework for graph
classification based on a extensions for the KernelCanvas method, the KernelCan-
vas++. This framework was thoroughly analyzed, and results confirm that WNNs
were able to surpass established graph learning models not only in resource usage
but also in accuracy.

Two extensions to the KernelCanvas+-+ are also proposed and evaluated: Dis-
tributive KernelCanvas-++ and KernelCanvas-V(Q. These extensions resulted in im-
provements over the initial KernelCanvas++ proposals in some scenarios. The ex-
tensions were also evaluated in a large-scale dataset, where results were not as
promising as in the TUDatasets. As the literature presents much higher scores for
this large-scale dataset, this point needs to be further addressed.

Also, continuing on the work of Section [5.1] it was proposed the use of the
KernelCanvas++ framework in conjunction with graph embeddings. While this
conjunction was unable to surpass the baselines without graph embeddings, the
results reinforce the strength of the KCpp architecture as a representation for graph

classification.
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Chapter 7
Conclusion & Future Works

In this chapter, conclusions are presented alongside a collection of ideas for future

work and next steps.

7.1 Conclusions

Graph learning is a very important topic nowadays. Graphs are everywhere and
almost everything can be represented as a graph. Several tasks have been defined in
the literature as graph learning tasks, and in this work was focused on a branch of
entire graph level learning, graph classification. As any graph related problem, graph
classification has applications for every field of study, such as biology, chemistry, or
math. Although many architectures have been proposed for graph classification,
recent works mainly leverage deep architectures as their backbones. These can lead
to successful results, but are huge resource demanding, which WNNs are not.

This work has evaluated different encoding methods from the literature prior to
any experiment with graph classification. Moreover, it has defined the dominance
of the Distributive Thermometer as the to-go binarization strategy for WNN. Both
DT approaches studied by this work present 0.25 as their L1-norm value, the best
values for any WNN strategy.

A new encoding method, the K-Means Thermometer, was also introduced, re-
sulting in a competitive alternative in different scenarios. When combined with
RandomForest, the KT encoding topped 3 out of 11 datasets in terms of accuracy,
beating its DT counterpart in both rank and L1-norm metrics. The KT+WNN clas-
sifiers were also just marginally behind their DT counterparts with values of 0.26 and
0.28 with respect to the average L1-norm metric. The dominance of thermometers
over one-hot representations was also concluded, since all WNN models performed
on average better using thermometers than using one-hot counterparts. However,
all thermometers were surpassed by a No-Encoding strategy with RandomForest,

demonstrating that there is still a performance gap to be filled.
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Secondly, initial naive architectures for graph classification using weightless neu-
ral networks were proposed. Although based on naive bag of nodes features, initial
experimental results in real and synthetic datasets pointed that it had compara-
ble performance with other shallow learning and yet more complex alternatives,
such as graph kernels. Based on ideas of current state-of-the-art representation, the
Distributive Thermometer, this initial architecture was extended, obtaining even
better results. The building blocks of this architecture were the complete redesign
of the KernelCanvas, introducing the KernelCanvas++. When compared to GNN
models, this confirmed the idea that the less can be more, given that the vanilla
WiSARD has presented better results than most of the staple GNN models, with
an average increase of 4% to 21% in terms of accuracy. The extended model is a
fully capable model albeit strictly less memory and power demanding, resulting in
a model that consumes at least 3x less energy than a lighter GNN, and up to 20x
less energy when compared to other heavier candidates. Two major extensions to
the KernelCanvas++ were proposed and tested: the KCVQ and the Distributive
KernelCanvas, which can be used in conjunction. These extensions were capable
of achieving better results in some experiments without sacrificing resource con-
sumption or time demand. This architecture was also evaluated on a large scale
dataset, the OGB-molhiv, demonstrating its scalability. As a remark, it could not
carry on with the same performance in comparison with heavy-scale models, where
performance is roughly 0.3 points behind the best candidate in the online ranking
regarding the ROC-AUC score.

Hyperparameter optimization is still a bottleneck, but it is a much smaller prob-
lem in a WNN context than in models that depend on trillions of parameters and
GPUs. This is heavily supported by the results of this work, where WNN models
spent up to 18x less than in GNN models in hyperparameter search and training.
The application of the DKCpp framework to graph embeddings was also experi-
mented, but the results were not satisfactory as with the bag-of-nodes approach,
resulting in worse performance in terms of accuracy. However, these results rein-
forced the strength of the baseline KernelCanvas approach, which was dominant in
all but the MUTAG and NCI datasets.

During the development of this research, several improvements have been made
to the wisardpkg[30] library. These improvements are not claimed as direct contri-
butions of this work, but will certainly empower the users of this library with more

tools and several improvements.
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7.1.1 Paper Contributions

The ideas and works developed in this thesis led to two accepted publications and

one publication that is currently under review.

Accepted Publications

e BARBOSA, R. B.; CARVALHO, D. ; LIMA, P. M. V. ; FRANCA, F. M.
G. . A bag of nodes primer on weightless graph classification. In: European
Symposium on Artificial Neural Networks, Computational Intelligence and
Machine Learning, 2021, Bruges. Proceedings of ESANN 2021. Brussels:
i6doc.com, 2021. p. 659-665.

e BEZERRA BARBOSA, RAUL; LEONEL CADETTE DUTRA, DIEGO ;
MACHADO VIEIRA LIMA, PRISCILA ; CARVALHO, DIEGO ; MAIA
GALVAO FRANCA, FELIPE . Updating KernelCanvas for weightless graph
classification. NEUROCOMPUTING, v. 646, p. 130458, 2025.

Submitted Publications

e BARBOSA, R. B.; DUTRA, L. C. DIEGO ; LIMA, M. V. PRISCILA ; CAR-
VALHO, DIEGO ; FRANCA, M. G. FELIPE . K-Means Thermometers for
Weightless Input Embeddings. ESANN 2026.

7.2 Future Works

Considering the analysis in Chapter [4} there is a huge search space in the codebook
and discretization literature that can be stressed. Other representations such as
entropy or tree-based [149] encodings can be evaluated under the same framework.
Other recent architectures such as ULEEN [68] should be stressed to consolidate the
findings. Moreover, other representations can be developed exploring the potentials
of both CMAC and effective thermometers such as the K-Means or the Distributive
Thermometers. Also, a full resource usage analysis for the evaluated thermometers
is necessary, including the proposed K-Means thermometer.

Several experiments can still be conducted following the ones in Chapters[5and [6]
A crucial one is the evaluation of the K-Means thermometer for graph classifica-
tion. This evaluation was put out of scope due to time and resource constraints in
the development of this thesis. The degree, PageRank and Onion Decomposition
measures used as backbones for the KCpp and DKCpp strategies are just a tiny
subset of the possible measures that can be used for graph problems. Depending

on time constraints, many other useful node centralities such as the betweenness
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and harmonic centrality can boost the classification performance. As future work,
the KCpp-based representations should be tested with other classifiers to confirm
the results presented here and conclude if they can benefit from using them. Other
datasets may also be tested to improve the comparison between both representa-
tions, such as the datasets presented in [128] or in [144].

Better results might be achieved through better parameter optimization. This
can be handled through the use of dedicated libraries and Bayesian Methods. More
complex models, with greater input sizes, could be trained without time restriction,
particularly for a better conclusion in large-scale scenarios. Regarding the graph
embeddings use, different techniques for dimensionality reduction should be evalu-
ated, as SVD poses as a clear bottleneck of the proposed approach. Other graph
embeddings can be enhanced with the replacement of mean and histogram-based
approaches by KCpp-based ones. Recent WNN approaches benefit from multi-shot
learning in an accuracy vs computing time trade-off. These can be studied to es-
tablish where this relationship stands in the context of graph learning.

Different applications can benefit from the developed framework and should be
evaluated, such as malware detection and mental disease diagnosis. The main graph
architecture was supported by the proposal of the new KernelCanvas++ and Dis-
tributive KernelCanvas-++ strategies, but these are key innovations for the WNN
scenario that can lead to better results in many areas. These approaches can also
be leveraged to other multi-set problems such as trajectory classification [77].

One possible drawback that these approaches present is the lack of direct use
of the adjacency matrix, similar to message-passing networks. Hence, a mechanism
that mirrors the message-passing framework of GNN could be developed, added to
the process of representation building and further evaluated for weightless graph

classification.
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Appendix A

Hyperparameter Settings

A.1 Hyperparameter Settings for the K-Means

Thermometer Experiments

Table presents all hyperparameters searched in this work for the evaluated clas-
sifiers and other (hyper) parameters used for the experiments executed in Section .
Parameters for RandomForest and NaiveBayes are the default parameters in the

scikit-learn python library (version 1.1.1), except where noted.

A.2 Hyperparameter Settings for the Initial Graph

Classification Architectures

Table[A.3| presents all hyperparameters searched in this work for the evaluated classi-
fiers and other (hyper) parameters used for the experiments executed in Section .
ClusWiSARD parameters are the union of all WiSARD parameters plus the ones
presented here. ULEEN parameters are the union of all BTHOWeN parameters plus
the ones presented here. Parameters for RandomForest are the default parameters
in the scikit-learn python library (version 1.1.1), except where noted.

In addition, Table presents all hyperparameters searched in this work for the
evaluated classifiers and other (hyper) parameters used for the experiments executed
in Section [5.2] This table adheres to the same principles mentioned above for the
ClusWiSARD and RandomForest classifiers.

109



onpea 1ojourerediodAy pox1j ' sjuesaIdol anfea JueISu0d ® pur sonfea IsjourerediodAT pajyenyess Jo pLIS e soj0uap 198 Y,

wepy heevagiialele) 4azrurydo
Z-o1 ajel Jurures| JeziuiydQ 2104 BUuLUADI)
€0/1 Iojowrered nej s wngdnoir) nn}
ze ozIs Yojeq 2218  1427Dq
o1 syoode Jururer) Jo IequunyN syooda  wnu stojourered
9 SLNT 2y} jo ozIg 2218 In] Nmd
{ug8o1, ¢,1bs,} y1ds 9seq oY) 10} SUIYDIRSS USYM PIsn SaINjes] WNWIXRIN soungaf  xToU
{,&doxyuo,, ¢ i3, } yids oy jo Ajienb oy} orenyeas oY) uoroung UOLLI}LLD amwwwu%mwmmmm
{00z ‘00T ‘OT} $9919 JO IoquINN §.407DULISD U
(109004 Areulq) g 109004 ndurl Jo oseq 2519
onIy sosse[d [[e usamjaq pareys st Sutddewr oy} JT buaddv pyouows
osrey SUIAJISSR[O USYM POPIRISIP 9 P[NOYS SSAIPPe A[U0-019Z J] 042 79.40ub1
Suikjissero

9S[R]  USYM PAISPISUOD 8q P[NOYS Sse[D & 10 sojdurexes Sururer) Jo equinu Yy j paouD)Dq

ozigerdny /621510300 yndur s1ojowrered

oNI)  UOISIAIP 91} Ul IOPUIRUISI ® ST 9197} 9seD Ul paja[duiod aq P[NOYS SSoIPPe JT buissa.ppy232)duwiod AIVSIM
Surddejywopuey sordny ojur uexoiq are sindul 9y} MOF] 403D L2UH) burddDUW
Suryoes[g uoyO0I(q oIk S} MO  POY72 JU0DILL1SSD]D
{¥9 ‘sv ‘ce ‘91 ‘¢} (ez1g91dn)) JNVY Ul SSOIppe U 10] pasn si1q JO IoquInN 221G5SSIUPPD
ooedg yoreog uor)drIosa(] IojowreIeJ

- UOI}09G Ul PIINIOXD mpﬂ@EE@QN@ o[} Ul yoJess mp@p@gﬁmhﬁgpwghm TV 9lqeL

110



anea rjowreIediodAy poxy e sjuosaldol onfeA JURISUOd ® PUR sonfeA IojourerediodAy pajenyess Jo pLIS ® $8j0Uap 308 VY,

. UOI}09G Ul PIIIISXe SHUWLIodXa oY) Ul yoless siojomrelediodA[] 7'V o[qR],

ﬁ " NmOM ) ‘ i H.Hﬁvm: W

11ds 9seq oY) I0j SUIYDILSS USYM PISN SOINJeSJ WINUWITXEA

saungvaf  ToUL

{,A&doxqus | ¢ Tuig, } ids a3 jo Ajenb oY) 9renyeas oY) uoroung UOLLIJLLD mwwwuwwwhmm
{00z ‘00T ‘O1} S9919 JO IoqUINN S40IDWISD U iseloquoptTy
wepy JezrunydQ 4222u3do
49 ozIs yojeq 2218 423Dq
¢-o1 9yel Jurures| JeziuiydQ 270y buruana)
{gz'0 ‘10 ‘0} ayer1 qnodoi(g 210 nodoup
0T syoode Jururel) Jo Joquuny syoodgwunu stojourered
{o1‘g‘e‘1} 9[qUIOSUD 9] Ul SIDYISSR[D JO Joquun N S421f18SD))L2QUINU NEd'1
‘[TE 9T ‘¥ ¢ azrgerdn Ul Ssedppe U I0J pasn s31q JO Iequun 2218§Sa4PPD
{ro'sv'ce ‘o1 '8 ¥ ¢} (ezrge1dny) NV Ul ssoIpp J POsn §31q JO IoquInN 15s524pp ciotourered
{2618 ‘9607 ‘8¥0C ‘¥TOT ‘TIS ‘99T ‘8TI} 1997y woo[q 1od sal13uS JO JeqUINN SLLPUG FIUN zw\wom I
{9‘sv'e‘c‘1} suorouny ysey Jo Joquiny S2YSD [rpIun
{01 ‘g ‘1}  ssed o[3uls & 10] POIRAID 9 URD JRY) SIOJRUIWILIISIP JO IOQUINU WNWIXRA 72U S LOPDULULLLIS LD s1oreurered
{6°0 ‘20 ‘c’0} ordurexe Sururer) e 1deddoe 03 91008 WNUWITUIJA 400U (T YSIMSID
(109004 Areulq) g 109004 ndul Jo oseqg 2519
aniy sesse[o [[e usamjaq poareys st Surddew oy} JT burddo pyouows
osrej SUIAJISSR[D UL M POPIRISIP 9 P[NOYS SSAIppR A[U0-010Z J] 042 72.40ub1
Jurkyissero
oS[e]  USYM PAIOPISUOD 9 P[NOYS Sse[O ' 10] sojdwrexe ururel} Jo oquinu oy J| paouD]Dq
oz1ge[dny /ez1G10300A dur s1ojourered
O9NI)  UOISIAIP 9Y7 Ul JOPUIRWII ® ST 919Y} 9SeD Ul pajo[dwod og PINOYS SSaIppe JT burssauppy 232)duwod AIVSIM
Surddejywopuey so[dnj ojur usxolq are syndur oY) Mo 109D 12U ) burddDus
Suryoes[g UoNOIq oIk SO} MOF  POY72 T U0DILL1SSD]D
{v9 ‘sv ‘ze ‘o1 ‘¢} (9z1801dNY) NV UI SSOIPPE Ue I0] PIsn §)1q JO Ioqun N 92155594ppV
eordg yoreog uor)drIosa(] IojowrereJ

111



anea 1jowreredIodAy poxy e sjuosaIdol onfeA JURISUOd ® PUR sonfeA IojourerediodAy pajenyesd Jo pLIS ® $8j0Uap 308 Y,

. UOI}09G Ul PIIINISXS SHUWLIodXa oY) Ul yoless siojomrelediodA] ¢y o[qR],

{8v0z ‘veot} uoryejuasordol Aue Jo s3Iq Ul 9ZIS WNWIXBA 196pn g s1orourered 19710
{8v'e'1} urq 10d s31q Jo OqUINN uLg 25729 s103omreTRd
{8v0z‘9eCT 7201214 952} Sulq jo IequinN SULG LPQUINU  I9ZLIRUIUIRISO)STH
{8%‘¢c‘1} [puIey 1ad s31q JO IaquIny 12ULD M L2 S7119 s1ojowrered
{8v0z‘9eST 201 21 952} S[PUISY JO oquinN S]2ULD 3 Laquunt SBAURH[OUIOM]
{up3s, “WAyswop, *oz1s, } Ayurorrd 4md apoN fiorgo g figrsorad
{.Jrey, ‘,uesun, ¢ uerpowr, } Aotpod qurod-nyy i6390.43G7M2
{on1y, ‘osreq} oeds o[ asn pnoys sixe-A 1YY bogsizyh s1ojourered
aniy, ‘ose, 9[eds S0[ 9sn PINOYS SIXB-X I} borsixy T IOZIIeUTILo0]
L esTed | [ p[noys st TIUM 1My LIeUlgooL L,
{0z'91'21'8} 991} [eUY oY) UT JYSOY WNWIXe\ by
{8%02'9¢ST‘¥201‘215°95C} 901} [eul 9y} Ul S9ARS[ JO I9qUUINU WNWIXBA S0P LIQUINU
anay, ‘osye areos 8oy Sursn pajyjord o noys SIxXe-A I97)9 bogsixy
(L esTed [ [ sulsn p: [¢ 9q p[noys st TIUM 18Ty
anuy, ‘os[e, s[eos o[ Suisn pajjord & Noys sIxe-x Iayje bosiryx s1orourered
1L es[RA [ [ suIsn pajjo[d oq pnoys st TRUM T8y jt
{ro‘sv'ee've'or s} so1d 93 jo YSPH b1y TozLIRUI 101
{r9'sv'ze've'or's} jo1d oy Jo YIPIM YIprm
{.g8o1, ¢,1bs,} 1ds 1s9q oY) 10 SUIYDIRSS UM POSTL $8INJed] WNWIXRIA soungaf  xToU d
{,&doxquo,, ¢ 13, } yids o3 jo Aj1enb oy} ojenyeas oY) uoroung UOLLI}LD ﬁwwﬂ%”%%ﬂdﬁ
{00z ‘00T ‘O1} $9919 JO IoquINN §.407DULYSD U
ssepo
{01 ‘g ‘1}  o[SuIs ® 10] PajeLId 9 URD JeY) SIOPRUILIISIP JO IOQUINU WNWIXRIA 72U S LOPDULULLLIS I s1oreurered
{6°0 ‘20 ‘g’0} ojdurexe Sururer} e 3deddoe 03 91008 WNUITUIJA 2400 GUIUL AYVSIMSID
10300A AIeulq) g 109004 ndul jo ose 25D
q 3 d q
aniy sesse[o [[e usemjaq poreys st Surddew oYy JT burddo pyouows
osrej SUIAJISSR[D UL M POPIRISIP 9 P[NOYS SSAIppR A[U0-010Z JT 042 72.40ub
SurAjissed usaym
os[e]  POIOPISUOD d9( P[NOYs sse[d ' 10 so[durexe Sururer) jo roqunu oyl JI paouD]Dq
oz1ge[dn} /671510300 ndul UOISIAIP s1ojourered
NI}  OY) Ul ISPUIRWSI ® SI 9197} 9sed Ul pajle[duiod oq PInoys ssaIppe J[ buissappy 232)duiod AIVSIM
Surddejywopuey so[dnj ojur usxolq are syndur oY) Mo 109D 12U ) burddDUs
Suryoea[g UoNOIq oIk SO} MOH  POY72 T U0DILL1SSD]D
{r9 ‘sv ‘ze ‘91 ‘¢} (9z1801dNY) INYY UI SSOIPPE Ue I0] PIsn §)1q JO Ioquin 92155594ppV
oordg yoreog uor)drIosa(] Iojowrere

112



A.3 Hyperparameter Settings for the KCpp Exper-

iments

Table [A.4] presents all hyperparameters searched in this work for the evaluated
classifiers and other (hyper) parameters used for the experiments executed in Sec-
tion ClusWiSARD parameters are the union of all WiSARD parameters plus
the ones presented here. Parameters for RandomForest are the default parameters
in the scikit-learn python library (version 1.1.1), except where noted. Parameters
for GNN models are the default in the Pytorch Geometric Library (version 2.6.1),

except where noted.
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Appendix B

Full Experiment Results

B.1 Full Experiment Results - KA-Means Ther-

mometer

Table presents the full results for the experiments executed in Section
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