1

                                               Chapter 1: Constraints

                              What are th ey, wh at do they do and

                              what can I u se th em for.

2

                              Constraints

        u

                   What are constrain ts?

        u

                   Modelling pr oblem s

        u

                   Constraint solving

        u

                   Tree constraints

        u

                   Oth er cons traint dom ains

        u

                   Properties of con straint solving

3

                              Constraints

Variable : a place h older for values

                                                 X Y Z L U List

                                                            , , , , ,

                                                                                                          3 21

   Function Symbol : mapping of values to values

   Rela tion Symbo l : relation between valu es

                                                         + - ´¸
                                                                  , , , , sin, c o s, | |

                                                                                            = £ ¹
                                                                                                     , ,

4

                                Constraints

                                                                                      X

                                                                                      X Y

                                                                                                      ³

                                                                                                      + =

                                                                                                                    4

                                                                                                                  2 9

     Primitive Constraint : constraint relation with

                                   arg uments

    Constraint : conjunctio n of prim itiv e constraints

                                                     X X Y Y

                                                                       £ Ù = Ù ³
                                                                                    3 4

5

                                Satisfiability

     Valuation:
                                                                    an ass ignmen t of values to v ariables

                                                       q

                                                       q

                                                                  =

                                                                                  + = + ´ =

                                                                            { , , }

                                                               ( ) ( )

                                                                                    X Y Z

                                                                      X Y

                                                                                                 � � �

                                                                                                                 3 4 2

                                                                                            2 3 2 4 11

     Solution: valuation which satis fies constraint

                                                            q
                                                                     ( )

                                                                        ( )

                                                                           X Y X

tru e

                                                                                        ³ Ù = +

                                                              = ³ Ù = + =

                                                                                                  3 1

                                                                             3 3 4 3 1

6

                                Satisfiability

       Satisfiable: cons traint has a s olution

       Unsa tisfiable: cons traint does no t have a

       solution

X Y X

X Y X Y

             £ Ù = +

             £ Ù = + Ù ³

                       3 1

                       3 1 6
satis fiable

unsatisfiable

7

                              Constraints a s Syntax

        u

                   Constraints are strings of sym bols

        u

                   Brackets do n’t matter (don’t us e them)

        u

        u

                   Order does matter

        u

        u

                   Some algorithms  will d epend on order

                       ( ) ( )

                            X Y Z X Y Z

                                        = Ù = Ù = º = Ù = Ù =
                                                 0 1 2 0 1 2

                         X Y Z Y Z X

                                    = Ù = Ù = /º = Ù = Ù =
                                              0 1 2 1 2 0

8

                              Equivalen t Constraints

Two different constraints can represent the same

information

                                                                                                   X X

                                                                   X Y Y X

                                                  X Y Y X Y X

                                                                                                             > « <

                                                                              = Ù = « = Ù =

                                                             = + Ù ³ « = + Ù ³

                                                                                                                     0 0

                                                                                     1 2 2 1

                                                                                     1 2 1 3

   Two constraints are equivalent  if they have the same

   set of solutions

9

                              Mo delling with co nstra ints

        u

                   Constraints describe idealized behavio ur of

                   objects in the real world

I

I1

I2

V

+

--

3_

+

-

-

V1

V2

--

R1 R2

                                 V I R

                                 V I R

                                 V V

                                 V V

                                 V V

                                   I I I

                                            I I I

                                         1 1 1

                                          2 2 2

                                                           1 0

                                                            2 0

                                         1 2 0

                                                        1 2 0

                                                                1 2 0

                                                 =´

                                                  =´

                                            - =

                                            - =

                                                - =

                                          - - =

                                   - + + =

10

                       Mo delling with co nstra ints

B u il d i n g  a  H o u s e

D o o r s

2  d a y s

S t a g e  B

I n t e ri o r  W a ll s

4  d a y s

C h im n e y

3  d a y s

S t a g e  D

S t a g e  E

T i le s

3  d a y s

R o o f

2  d a y s

W in d o w s

3  d a y s

S t a g e  C

E x t e r io r  W a ll s

3  d a y s

S t a g e  A

F o u n d a t io n s

7  d a y s

S t a g e  S

                                                                                T

                                                                                T T

                                                                                T T

                                                                                T T

                                                                                T T

                                                                                T T

                                                                                T T

                                                                                T T

                                                                                T T

                                                                                      S

                                                                                       A S

                                                                                      B A

                                                                                      C A

                                                                                      D A

                                                                                      D C

                                                                                      E B

                                                                                      E D

                                                                                      E C

                                                                                              ³

                                                                                               ³ +

                                                                                               ³ +

                                                                                               ³ +

                                                                                                ³ +

                                                                                                ³ +

                                                                                               ³ +

                                                                                               ³ +

                                                                                               ³ +

                                                                                                        0

7

4

3

3

2

2

3

3

                                                      sta rt

                        foundations

                  interior  wall s

                 exter ior w alls

                                     chimney

                                                      roof

                                                 doors

                                                      tiles

                                   wind ow s

11

                       Constraint Satisfaction

u

           Giv en a constraint C two  questions

               u

                        satisfaction : does it have a solution?

               u

                        solution : give me a solution, if it has one?

u

           The first is  mor e basic

u

           A constraint solver  answers the satisfaction

           pr oblem

12

                       Constraint Satisfaction

u

           How do we ans wer the ques tion ?

u

           Simple approach try all valuations.

                                                  X Y

                        X Y false

                       X Y false

                       X Y false

                                                            >

                                                           ·

                                                           ·

                                                           ·

                  { , }

                 { , }

                  { , }

                                 � �

                                � �

                                 � �

                                            1 1

                                            1 2

                                            1 3

X Y

X Y false

X Y true

X Y false

X Y true

X Y true

>

·

·

{ , }

{ , }

{ , }

{ , }

{ , }

� �

� �

� �

� �

� �

1 1

2 1

2 2

3 1

3 2

13

                       Constraint Satisfaction

u

           The enumeration  method wont wo rk for

           Reals (why not?)

u

           A smarter v ersion will be used for finite

           dom ain constraints

u

           How do we s olve Real constraints

u

           Remember Gauss-J ord an elimination fro m

           hig h s chool

14

                       Gauss-Jordan elimination

u

           Choo se an equation c from C

u

           Rewrite c  into the form x = e

u

           Replace x  everywhere else in C  by e

u

           Continue until

               u

                        all equations are in the form x = e

               u

                        or an equation is equivalent to d = 0  ( d != 0 )

u

           Return true  in the first case else false

15

                       Gauss-Jordan Example 1

                                                                              1 2

3

5

                                                                                       + = + Ù

                                                                                       - = Ù

                                                                                           + = +

                                                                                                   X Y Z

                                                                           Z X

                                                                              X Y Z

                                                                             Re place X    by   2Y+Z-1

                                                                                                                X Y Z

                                             Z Y Z

                                                    Y Z Y Z

= + - Ù

                                                        - - + = Ù

                                                                + - + = +

2 1

                                                                   2 1 3

                                             2 1 5

                                                                                      Re place   Y    by   -1

                                                                                                                  X Z

                                                                                                                    Y

                                                                                Z Z

= - + - Ù

= - Ù

                                                 - + - - = +

2 1

1

                                                           2 1 1 5

1 2

+ = +
X Y Z

- =

2 2

Y

- =
4 5

                                                                                                     Re turn   false

16

                           Gauss-Jordan Example 2

                                                                                        1 2

3

                                                                                                 + = + Ù

                                                                                                 - =

                                                                                                             X Y Z

                                                                                     Z X

                                                                                       Re place X    by   2Y+Z-1

X Y Z

                                                       Z Y Z

= + - Ù

                                                                   - - + =

2 1

                                                                             2 1 3

                                                                                                Re place   Y    by   -1

                                                                                                       X Z

                                                                                                         Y

                                                                                                                     = - Ù

                                                                                                                     = -

3

1

1 2

+ = +
X Y Z

- =
2 2

Y

                 Solved form
                                                                              :

                                                                                 constraints in this form are satisfiable

17

                       Solved  Form

u

           Non-parametric varia ble:  ap pears on the

           left of o ne equation.

u

           Paramet ric variable:  appears on the right

           of  any number o f equations.

u

           Solution: choo se par ameter v alues an d

           determine n on-p arameters

                  X Z

                    Y

                                 = - Ù

                                 = -

                                                                  3

                                                    1

                                                                                                              Z

=
4

X

Y

= - =

= -

4 3 1

1

18

                       Tree Constraints

u

           Tree constraints represent structured data

u

           Tree co nstructor:  ch aracter string

               u

                        cons, node, null, widget, f

u

           Constant: constructor or number

u

           Tree:

               u

                        A constant is a tree

               u

                        A constructor with a list of  > 0 trees is a tree

               u

                        Drawn with constructor above children

19

                          Tree Examples

                                                                        o r de r

                  p a rt q u a n tity d a te

      7 7 6 6 5 w i d g e t

                                          w id ge t

                                                                               1 7 3 fe b 1 9 9 4

                           r ed m o o s e

order(part(77665 , widg et( red, m oo se )),

quan tity(17), date(3, feb, 1994))
cons

cons

cons
red

blue

red
cons

cons(red, cons(blue, con

s(red,co ns(�))))

20

                          Tree Constraints

    u

               Height of a  tree:

                   u

                            a constant has height 1

                   u

                            a tree with children t1, �, tn  has height one

                            more than the maxim um of trees t1,�,tn

    u

               Finite tree: has finite height

    u

               Examples: h eight 4 and heigh t

¥

21

                          Terms

    u

               A term  is a tree with variables replacing

               subtrees

    u

               Term:

                   u

                            A constant is a term

                   u

                            A variable is a term

                   u

                            A constructor with a list of  > 0 terms is a term

                   u

                            Drawn with constructor above children

    u

               Term equation: s = t   ( s,t  terms )

22

                          Term Examples

               p a rt Q d a te

   7 7 6 6 5
                                        w i d g e t

                                       w i d g e t

                                                                                                    3 fe b Y

                           C m o o s e

                                                                     o r de r

order(part(77665 , widg et( C, m oose)),

Q, date(3, feb, Y))
cons

cons

L
red

B

red
cons

cons(red, cons(B,cons(r

ed,L)))

23

                          Tree Constraint Solving

    u

               Ass ign trees to variab les so that the terms

               are iden tical

                   u

                            cons(R, cons(B, nil)) = cons(red, L)

                   u

    u

               Similar to G auss-Jordan

    u

               Starts with  a set of term equ ations C  and an

               empty set of  term eq uations S

    u

               Continues until  C is empty or it returns  false

                                { , ( , ), }

                                     R red L con s blue nil B blue
                                               � � �

24

                          Tree Constraint Solving

    u

               unify (C)

                   u

                            Remove equation c from C

                   u

                            case  x=x: do nothing

                   u

                            case  f(s1,..,sn)=g(t1,..,tn): return  false

                   u

                            case  f(s1,..,sn)=f(t1,..,tn):

                                  u

                                         add s1=t1,  .., sn=tn  to C

                   u

                            case  t=x  ( x  variable): add x=t  to C

                   u

                            case  x=t  ( x  variable): add x=t  to S

                                  u

                                         substitute t  for x  ev erywhere else in C  a nd S

25

                                 Tree Solvi ng Example

cons Y nil cons X Z Y cons a T

Y X nil Z Y cons a T

nil Z X cons a T

Z nil X cons a T

 X cons a T

true

                  ( , ) ( , ) ( , )

                                                                                                      ( , )

                                                                        ( , )

                                                                        ( , )

                                    ( , )

                                               = Ù =

        = Ù = Ù =

             = Ù =

         = Ù =

           =
true

true

Y X

Y X

Y X Z nil

                                                                                              Y cons a T Z nil X cons a T

=

=

= Ù =

                                                                                                      = Ù = Ù =
( , ) ( , )

                                                                 C S

                          { , ( , ), ( , ), }

                              T nil X cons a nil Y cons a nil Z nil
                                       � � � �

   Like G auss-Jord an, variables are parameters or n on-par ameters.

   A sol ution results f rom se ttin g p arame ters (I.e T ) to any value.

26

                                 One extra case

           u

                      Is there a s olution to X = f(X)  ?

           u

                      NO!

                          u

                                   if the height of X  in the solution is n

                          u

                                   then f(X)  has height n+1

           u

                      Occurs  check:

                          u

                                   before substituting t  for x

                          u

                                   check that x  does not occur in t

27

                                 Other Constraint Domains

           u

                      There are many

                          u

                                   Boolean constraints

                          u

                                   Sequence constraints

                          u

                                   Blocks world

           u

                      Many more, usually related  to some well

                      und erstood mathematical structure

28

                                Boolean Co nstra ints

  Used to model circuits, reg ister allocatio n pro blems, etc.

  X

  Y

Z

                                                           O

                                                      A

                                                                                          N

       An exclusive or gate

O X Y

A X Y

N A

Z O N

« Ú Ù

« Ù

« Ø Ù

«

( )

( & )

( & )

Bo ole an constrai nt

describin g the xor circuit

29

                                Boolean Co nstra ints

X

Y

Z

O

A

N

    Ø « « Ú Ù

    Ø « « Ù

    Ø « « Ø Ù

    Ø « «

           FO O X Y

           FA A X Y

           FN N A

           FG Z N O

                                      ( ( ))

                                    ( ( & ))

                                      ( )

                                      ( ( & )

Co nstraint mod elling th e circuit  with faulty variables

                                              Ø Ù Ø Ù Ø Ù

                                              Ø Ù Ø Ù Ø

                                                     ( & ) ( & ) ( & )

                                                     ( & ) ( & ) ( & )

                                                          F O F A F O F N F O F G

                                                          F A F N F A F G F N F G

  Co nstraint mod elling th at only one gate is fau lty

                                                                                        { , , }

                                                                                             X Y Z
                                                                                                      � � �

                                                                                                                 0 0 1

                                                                                { , , , ,

                                                                                                       , , , , , }

                                                                                    F O F A F N F G

                                                                                 X Y O A N Z

                                                                                                 � � � �

                                                                                         � � � � � �

                                                                                                           1 0 0 0

                                                                                                   0 0 1 0 1 1

  Observed behavi our:

  Solution:

30

                                Boolean Solver

  let m   be the n umber of primitiv e constraints in C

                                                                                            epsilo n is between 0 and 1 and

                                                                                            determines t he degree of incom pleten ess

  for i := 1  to n do

                                generate a random valuation over  the variables in C

                                if the v aluation satisfi es C  then return tru e endif

  endfo r

  return unkno wn

     n

                                                             m

                                                                       m

            :

                                          ln( )

                          ln( ( )

               =

                                         - -

                      é

                      ê

                      ê

                      ê

                      ê

                                                                            ù

                                                                            ú

                                                                            ú

                                                                            ú

                                                                            ú

                                                    e

                                    1 1

                                                              1

31

                              Boolean Co nstra ints

        u

                   Something new?

        u

                   The Boolean solver can return un known

        u

                   It is  incomplete (d oesnt answer all

                   ques tions)

        u

                   It is  polyn omial time, where a complete

                   solver is exponential (u nless P = NP)

        u

                   Still such solvers  can be useful!

32

                              Blocks World Constraints

     Objects in the blocks world can be on the floor or on

     another object. Physics restricts which positions are

     stable. Primitive constraints are e.g. red(X), on(X,Y),

     not_sphere(Y).

flo or

     Constraints do n’t have to be mathematica l

33

                              Blocks World Constraints

A solution to a Blocks World constraint is a picture

with an annotation of which variable is which block

                  yellow Y

                red X

                on X Y

                   floor Z

                red Z

                                              ( )

                                ( )

                           ( , )

                                        ( )

                                ( )

                                                              Ù

                                                   Ù

                                                         Ù

                                                         Ù

Y

X

Z

34

                       Solver Definitio n

u

           A constraint s olver  is a function solv

           which takes a constrain t C  and returns true ,

           false  or unkn own  depending on wh ether the

           cons traint is satisfiab le

               u

                        if solv(C) = true  then C  is satisfiable

               u

                        if solv(C) = false  then C  is unsatisfiable

35

                       Prop erties o f Sol vers

u

           We desire solv ers to have certain properties

u

           well-behaved:

               u

                        set based: answer depends only on set of

                        primitive constraints

               u

                        monotonic: is solver fails for  C1  it also fails

                        for  C1 /\ C2

               u

                        variable name independent: the solver gives

                        the same answer regardless of names of vars

                            solv X Y Y Z solv T U U Z

                                               ( ) ( )

                                                               > Ù > = > Ù >

1 1

36

                       Prop erties o f Sol vers

u

           The most restrictive property we can ask

u

           complete: A solver is  comp lete if it always

           answers true  or false. (never unkn own )

37

                       Constraints S ummary

u

           Constraints are pieces of sy ntax used to

           mo del real wo rld  behaviour

u

           A con straint s olv er determines if  a

           cons traint has a s olution

u

           Real arithmetic and tr ee constraints

u

           Properties of solver we expect (well-

           behavedn ess)