1

                            Chapter 2: Sim plifi cation,

                Opti mizatio n and Implication

                       Where we learn more fun things we

                       can d o with con stra ints .

2

                       Simp lifica tion, Optim iza tion

                       and Implication

u

           Constraint Simplification

u

           Projection

u

           Constraint Simplifiers

u

           Optimization

u

           Implication and Equivalence

3

                       Constraint Simpl ification

u

           Two equiv alent constraints represent the

           same inform ation, but

u

           One may be simpler th an the other

      X X Y X

                                       X Y X

                                                      X X Y

                                       X Y X

                           X Y Y

                                    X Y Y

                ³ Ù ³ Ù = +

                        « ³ Ù = +

                        « £ Ù = -

                        « = - Ù £

            « = - Ù £ -

                     « = - Ù £ -

                       1 3 2

                                                         3 2

                                      3 2

                                                         2 3

                                              2 3 2

                                                       2 1

Removing redundant

constraints, rewriting a

primitive constraint,

changing order, substituting

using an equation all

preserve equivalence

4

                                       Redundan t Constraints

                 u

                            One constraint C1  implies  another C2  if the

                            solutions of C1 are a subset of  those o f C2

                 u

                            C2 is said to b e redundant  wrt C1

                 u

                            It is  written C C
                                                                                                              1 2

                                                                                                                       ®

                                                                                                                    X X

                                                                 Y X Y X

                            cons X X cons Z nil Z nil

³ ® ³

                                                                          £ + Ù ³ ® ³

                                                                                 = ® =

3 1

                                                                                                      2 4 1

                                                ( , ) ( , )

5

                                       Redundan t Constraints

                 u

                            We can remove a primitive constraint which

                            is red undant with respect to the r est of the

                            cons traint.

                                                                                                X X X

                                                  Y X X Y Y X Y

            cons X X cons Z nil Z nil cons X X cons Z nil

                                                                                                          ³ Ù ³ « ³

                                                           £ + Ù ³ Ù ³ « £ + Ù ³

                                                           = Ù = « =

                                                                                                                 1 3 3

                                                                                   2 1 4 2 4

                              ( , ) ( , ) ( , ) ( , )

                   Definitely  produces a sim pler con straint

6

                                       Solved  Form S olvers

                 u

                            Since a so lved form so lver creates

                            equivalent cons traints  it can be a simplifier

cons X X cons Z nil Y succ X succ Z Y Z nil

               X nil Z nil Y succ nil

                    ( , ) ( , ) ( ) ( )

( )

                                                    = Ù = Ù = Ù =

« = Ù = Ù =

 For example using the term constraint solver

 Or using the Gauss-Jordan solver

                 X Y Y X T Z X Y Z T

                                 X Y Z T

                             = + Ù + - = Ù + = Ù + =

               « = Ù = Ù = -

                                       2 2 4 5

                                                      3 1 5

7

                                Proj ection

It becomes even more important to simplify when we

are only interested in some variables in the constraint

                                                                                                                        I

I1

I2

V

+

--

3_

--

+

-

-

V1

V2

--

                                             V I R

                                            V I R

                              V V

                             V V

                          V V

                 I I I

                 I I I

                                               R

                                             R

                                                    1 1 1

                                                   2 2 2

                                                    1 0

                                                   2 0

                                1 2 0

                                  1 2 0

                                  1 2 0

                                                    1 5

                                                   2 1 0

                                                          =´

                                                          =´

                                       - =

                                      - =

                                      - =

                       - - =

         - + + =

                                                          =

                                                          =

                                                                                                      Simplified wrt  to V  an d I V I

=

10

3

8

                                Proj ection

          u

                     The pro jectio n  of a constrain t C  onto

                     variables V  is a cons tr aint C1  such that

                         u

                                  C1  only involves variables V

                         u

                                  Every solution of C  is a solution of C1

                         u

                                  A solution of C1  can be extended to give a

                                  solution of C

                   X Y Y Z Z

                          X Y Z

                          X Y Z

                                  ³ Ù ³ Ù ³
0

                                                           0 0 0

                                                           4 3 1

                 { , , }

                 { , , }

                                         � � �

                                         � � �

X

X

X

³
0

0

4

{ }

{ }

�

�

9

                                Fouriers Algorithm

          u

                     Eliminates variable y  from  linear ineqs C

          u

                     Write each ineq with y  on one side of  ineq

          u

          u

                     For each pair

                         u

                                  produce a new ineq

          u

                     The result is  all new in eqs an d thos e ineqs

                     in C  which do not in volve y

                                                                           t y y t

                                                                               1 2

                                                                                        £ £

                                                                                                                 t y y t

                                                                                                                     1 2

£ £

t y y t t t

1 2 1 2

£ Ä £ £

10

                                    Fouriers Algorithm Example

        Projecting out Y

X

Y

+1

+1

-1

-1

X

-1 +1

             X Y

                                  X Y

           Y X

           Y X

                       - £

            - - £

                    £ -

                    £ +

                             1

                  1

                           1

                           1

           X Y Y X X

           X Y Y X

                        X Y Y X

                        X Y Y X X

                    - £ Ä £ - £

                    - £ Ä £ + £

   - - £ Ä £ - £

   - - £ Ä £ + - £

                           1 1 1

                           1 1 0 2

         1 1 0 2

         1 1 1

Result only involving X

X X

£ Ù - £
1 1

11

                                    Proj ecting T erm  Constraints

             u

                        We can also project term constraints

             u

             u

                        pr ojected onto {X,Z}  is

             u

                        But w hat is X = cons(Y,Z)  projected onto X ?

             u

                        Answer: there is no s uch constraint!

                                      co n s Y Y co n s X Z s u cc Z s u cc T

                                                          ( , ) ( , ) ( ) ( )

                                                                                     = Ù =

X Z

=

12

                                    Constraint Simpl ifiers

             u

                        cons traints  C1  and C2  are equivalent wrt

                        variables V  if

                            u

                                     taking any solution of one and restricting it to

                                     the variables V , this restricted solution can be

                                     extended to be a solution of the other

             u

                        Example X=succ(Y)  an d X=succ(Z)  wrt {X}

                         X succ Y X X succ Z

          X succ a Y a X succ a X succ a Z a

     X succ nil Y nil X succ nil X succ nil Z nil

                                  = =
                                                          ( ) { } ( )

     { ( ), } { ( )} { ( ), }

{ ( ), } { ( )} { ( ), }

                   � � � � �

              � � � � �

13

                       Simp lifier Definition

u

           A constraint s implifier  is a function simpl

           which takes a constrain t C  and set of

           variables V  and returns a co nstrain t C1  that

           is equivalent to C  wrt V

u

           We can m ake a sim plifier for real

           inequalities  from  Fouriers algorith m

14

                       Tree Constraint Simplifier

u

           apply the term solver to C  obtaining C1

u

           if C1  is false  then return false

u

           fo reach equation x=t  in C1

               u

                        if x  is in  V then

                              u

                                     if  t   is   a variable no t in V

                                             u

                                                    substitute x for t  throughout C1  and res ult

                              u

                                     else add x=t  to res ult

u

           return resu lt

15

                       Tree Sim plification  Exam ple

                 Tree constraint to be simplified wrt {Y,T}

                           h f X Y g T h f g T X f X X g U

                                ( ( , ) , , ( ) ) ( ( ( ) , ) , ( , ) , ( ) )

                                                                                                   =

                 Equivalent constraint from tree solver

                           Z f g U g U X g U Y g U T U

                                    = Ù = Ù = Ù =
                                                  ( ( ), ( )) ( ) ( )

                 Discard the first two equations, keep the third

                 and use the last to substitute for U  by T

                                                                                                  Y g T

                                                                                                               =
( )

16

                       Simp lifier Properties

u

           Desirable prop erties  of a simplifier are:

               u

                        projecting :

               u

                        weakly  projecting : for all constraints C2  that

                        are equivalant to C1 wrt V

                              u

                              u

                                     a weakly projecting  solver never uses more

                                     variables than is required

u

           Both  properties  allow a s implifier to be used

           as  a solver (How?)

                                                                                        vars sim pl C V V

                                                                                                               ( ( , ))

Í

                                            | ( ( , )) | | ( ) |

                                                var s simpl C V V var s C V

                                                                                                             1 2

- £ -

17

                       Opti mizatio n

u

           Often given  some pro blem which is

           mo delled by  constraints we dont want jus t

           any solution,  but a ^best~ solution

u

           This  is an optimization problem

u

           We need an objective function  so that we

           can rank  solutions, that is a m apping fro m

           solutions to a real value

18

                       Opti mizatio n Problem

u

           An optimiza tion problem  (C,f)  consis ts  of

           a constraint C  and objective f unctio n f

u

           A valuation v1  is pref erred  to valuation v2

           if f(v1) < f(v2)

u

           An optimal so lution  is a solu tion of C  such

           that no other solution of C  is preferred to it.

19

                                      Opti mizatio n Exa mple

0 1 2 3 4

1

2

3

4

Y

X

X+Y=4

           An optimization problem

( , )

    C X Y f X Y

               º + ³ º +
                                                                4 2 2

        Find the closest point to the

        origin satisfying the C.

        Some solutions and f value

                     { , }

                      { , }

                     { , }

                          X Y

                           X Y

                          X Y

                                    � �

                                    � �

                                    � �

                                               0 4 16

                                                3 3 18

                                               2 2 8

Optimal solution

{ , }

X Y
� �

2 2

20

                                      Opti mizatio n

                u

                           Some optimization problems  hav e n o

                           solution.

                               u

                                        Constraint has no solution

                               u

                               u

                                        Problem has no optimum

                               u

                               u

                                        For any solution there is more preferable one

                                             ( , )

                                                   X X X

                                                                ³ Ù £
                                                                          2 0

2

                                                                   ( , )

                                                                         X X

                                                                                      £
                                                                                                0

21

                                      Simp lex Algorithm

                u

                           The most widely u sed optimization

                           algorithm

                u

                           Optimizes a linear function w rt to  linear

                           cons traints

                u

                           Related to  Gauss-J ordan  elimin ation

22

                                     Simp lex Algorithm

               u

                          A optimization problem ( C, f ) is in simplex

                          fo rm :

                              u

                                       C  is the conjunction of CE  and CI

                              u

                                       CE  is a conjunction of linear equations

                              u

                                       CI  constrains all variables in C  to be non-

                                       negative

                              u

                                       f is a linear expression over variables in C

23

                                     Simp lex Exa mple

                                                   minimize  subject t o

                                                                                             3 2 1

3

                                                                                        3 2 1

                                                                              0 0 0 0

                                                                                                   X+ Y-Z+

                                                           X Y

                                                              X Y Z T

                                                            X Y Z T

                                                                                   + = Ù

                                                      - - + + = Ù

                                                                      ³ Ù ³ Ù ³ Ù ³

                 An optimization problem in simplex form

¯  An arbitrary problem can be put in simplex form by

               ¯  replacing unconstrained var X  by new vars

               ¯  replacing ineq               by new var s  and

X X

+ -
-

                                                                                                    e r

                                                                                                             £ e s r

+ =

24

                                     Simp lex Solved Form

               u

                          A sim plex op timization problem is in basic

                          fea sible  solved (bfs) form  if:

                              u

                                       The equations are in solved form

                              u

                                       Each constant on the right hand side is non-

                                       negative

                              u

                                       Only parameters occur in the objective

               u

                          A basic feasible solution  is obtained by

                          settin g each  parameter to 0 and each non-

                          parameter to  the constant in its equation

25

                                   Simp lex Exa mple

                                                     min imize  subject t o

                                                                                               10

                                                                                          3

                                                                                         4 2 2

                                                                            0 0 0 0

                                                                                                           - -

                                                                          = - Ù

                                                                        = + - Ù

                                                                    ³ Ù ³ Ù ³ Ù ³

                                                                                                                  Y Z

                                                               X Y

                                                               T Y Z

                                                         X Y Z T

               An equivalent problem to that before in bfs form

            We can read off a solution and its objective value

                                                                  { , , , }

                                                                       X T Y Z

                                                                    f

                                                                                 � � � �

                                                                                            3 4 0 0

                                                                                   10

                                                                            =

26

                                   Simp lex Algorithm

sta rting from a p ro blem in bfs for m

repea t

    Choose a variable  y  with  negative coefficient in the obj. func.

    Find the equation x = b + cy + .. . wher e c<0  a nd -b/c is minimal

    Rewrite this eq uation  w ith y  the subject y = -b/c + 1/c x + .. .

    Substitu te -b/c + 1/c x + ... for y in all other eqns and obj. func.

until no such variable  y  ex ists or no such equa tion exists

if no such  y  exists o ptimum is found

else there is no o ptimum solu tion

27

                                   Simp lex Exa mple

        minimize  subject t o

                                             10

                                        3

                                        4 2 2

                            0 0 0 0

                                                       - -

                          = - Ù

                         = + - Ù

                     ³ Ù ³ Ù ³ Ù ³

                                                              Y Z

                 X Y

                 T Y Z

            X Y Z T

     Ch oose variable Y , the first

     eqn is only one with neg.

     coeff

                                   Y X

                                            = -
                                                    3

              minimize  subject t o

                                                   7

                                           3

                                        10 2 2

                                 0 0 0 0

                                                         + -

                           = - Ù

                           = - - Ù

                          ³ Ù ³ Ù ³ Ù ³

                                                                 X Z

                   Y X

                   T X Z

                 X Y Z T

Ch oose variable Z , the 2nd

eqn is only one with neg.

coeff

Z X T

= - -
5 0 5.

minimize  subject t o

2 2 0 5

3

5 0 5

0 0 0 0

+ +

= - Ù

= - - Ù

³ Ù ³ Ù ³ Ù ³

X T

Y X

Z X T

X Y Z T

.

.

No v ariable can be chosen,

optimal value 2  i s found

28

                                Another example

0 1 2 3 4

1

2

3

4

Y

X

-2 -1 0

1

2
preferred

solutions

                           mi ni mi ze   subject to

                                                               X Y

                                                             Y

                                                              X

                                                              X

                                                           Y X

                                                                       -

                                                                     ³ Ù

                                                                       ³ Ù

                                                                      £ Ù

                                                                   £ +

                                                                            0

                                                                             1

                                                                             3

                                                       2 3

An equivalen t simp lex  fo rm is:

      X S

      X S

          X Y S

   X Y S S S

                                                                         - = Ù

                                                                                                + = Ù

  - + - = Ù

            ³ Ù ³ Ù ³ Ù ³ Ù ³

                                                                                    2

                                                                                                            3

                                                             1

                                                              1 2 3

1

3

                                2 3

                  0 0 0 0 0

An o ptimization problem

showing contours o f the

objective function

29

                                Another example

0 1 2 3 4

1

2

3

4

Y

X

-2 -1 0

1

2

   Ba sic feasible solution form: circle

     minimize  sub ject t o

                                            0 0 5 0 5

                                          3 0 5 0 5

                                          2

                                          3

                                                                        1 3

                                                                              1 3

                     2 3

                                                                                                            3

                                                  + -

                          = - - Ù

                           = - Ù

                           = - Ù

                                                              . .

                                                                   . .

                                                                    S S

                  Y S S

                 S S

                  X S

        Ch oose S3, replace using 2nd eq

  minimize  sub ject  t o

                                          - + +

                          = - + Ù

                           = - Ù

                           = + Ù

                                                1 0 5 0 5

                                          3 0 5 0 5

                                         2

                                          1

                                                                            1 2

                                                                             1 2

                     3 2

                                                                                                           2

                                                                 . .

                                                                  . .

                                                                       S S

                 Y S S

                 S S

                  X S

Optimal solution: bo x

30

                                The Missing Part

          u

                     How do we get the initial basic feasible

                     solution?

          u

                     Solve a different simplex pro blem

                         u

                                  Add artificial variables to make equations in

                                  basic feasible solved form

                         u

                                  Minimize the sumof the artificial variables

                         u

                                  If the sum is zero we can construct a bfs for the

                                  original problem

31

                       The Missing Part E xample

                                                       X S

                                                       X S

                                                          X Y S

- = Ù

+ = Ù

                                                   - + - =

2

3

                                                                                                             1

1

3

                                                                                2 3

                                                     Original simpl ex fo rm equations

                                                    A X S

                                                    A X S

                                                    A X Y S

                                                         1 2

                                                         2 3

                                                         3 1

                                                                            1

                                                                            3

                                                                            3 2

                                                              = - + Ù

                                                              = - - Ù

                                                              = + - -

                                                     With  artifici al vars in bfs form:

                                                  Objec tive function : min imize

                                                    A A A

                                                                            X Y S S S

                                                          1 2 3

                                                                                                                        1 2 3

                                                            7 2

                                                               + +

                                                   = - - - + -

32

                       Mi ssing Part Exam ple II

                                                          minimize  sub ject  t o

                                                                                                A A A

           Y S S A A

          S S A A

           X S A

                                                                                                     1 2 3

                                                                              1 3 2 3

               2 3 1 2

                                                                                                           3 2

                                          3 0 5 0 5 0 5 0 5

                                          2

                                          3

                                                                                                          + +

                            = - - - - Ù

                            = - + - Ù

                            = - -

                                                                   . . . .

          Problem after minizatio n of objective function

          Re mo vin g the artifi cial var iab les,  the origin al problem

                                                               Y S S

                                                              S S

                                                               X S

                                                                        = - - Ù

                                                                         = - Ù

                                                                         = - Ù

                                                                                        3 0 5 0 5

                                                                                       2

                                                                                        3

1 3

                                                                   2 3

3

                                                                                                                . .

33

                       Implication and  Eq uivalen ce

u

           Oth er imp ortant operations involvin g

           cons traints  are:

u

           implication : test if C1 implies C2

               u

                        impl(C1, C2)  answers  true, false  or unknown

u

           equiva lence : test if C1  and C2  are

           equivalent

               u

                        equiv(C1, C2)  answers true, false  or unknown

34

                         Implication Example

B u i l d in g  a  H o u s e

D o o r s
2  d a y s

S t a g e  B

I n t e r io r W a lls
4  d a y s

C h im n e y
3  d a y s

S t a g e  D

S t a g e  E

T i le s
3  d a y s

R o o f
2  d a y s

W in d o w s
3  d a y s

S t a g e  C

E x t e ri o r W a ll s
3  d a y s

S t a g e  A

F o u n d a t io n s
7  d a y s

S t a g e  S
For the house co nstraints CH , will

sta ge B have to be reached after

sta ge C?

                           C H T T

                                                                        B C

                                                 ® ³

     For this question the answer if

     false , but if we require the house

     to be  finish ed in 15 days the

     answ er is tru e

    C H T T T

                                          E B C

                          Ù = ® ³
                                                              1 5

35

                         Implication and  Eq uivalen ce

  u

             We can use imp l  to define equiv  and vice

             versa

  u

  u

  u

             We can use a solver to do s im ple imp l  tests

  u

  u

             e.g.

               im pl C C eq uiv C C C

                                      ( , ) ( , )

                                                   1 2 1 1 2

                                                                                   = Ù

              eq uiv C C im p l C C im p l C C

                                            ( , ) ( , ) ( , )

                                                          1 2 1 2 2 1

                                                                                             = Ù

              im pl C C so lv C C

                                     ( , ) ( )

                                                 1 2 1 2

                                                                                 = Ø Ù Ø

                                   im pl C H T T so lv C H T T

                                                                                           B C B C

                                                          ( , ) ( )

                                                                                                    ³ = Ø Ù <

36

                         Simp lication, Op timizati on

                         and Implication  Summary

  u

             Equivalen t constrain ts can be written in

             many forms, hence we des ire simplification

  u

             Particularly if we are only interested in  the

             interaction of some o f the v ariables

  u

             Many problem s desire a optimal solution,

             there are algms (simplex) to  find them

  u

             We may also be interested in asking

             ques tions involv ing implication