Const raint Logic Programming

1

                                                                                        Chapter 8: Modelli ng with  Finite

Domain C onstrain ts

                                                                                                            Where we examine how modelling

                                                                                                            and  controlling s earch  inter act with

                                                                                                            finite domain constrain ts

2

                                                                                                            Mo delling wth Fini te Domains

                                                                                      u

                                                                                                 Domains and Labelling

                                                                                      u

                                                                                                 Complex Constraints

                                                                                      u

                                                                                                 Labelling

                                                                                      u

                                                                                                 Differen t Problem Modellin gs

                                                                                      u

                                                                                                 Example: Scheduling

3

                                                                                                            Domains and L abelling

                                                                                      u

                                                                                                 New req uirement: need to define the

                                                                                                 dom ains  of variables

                                                                                                     u

                                                                                                              arithmetic
X ::  [1 ,2 ,3,4]

  or
X :: [1 ..4]

                                                                                                     u

                                                                                                              non-arithmetic
X :: [r ed, blue,  y ell ow]

                                                                                                     u

                                                                                                              multiple  variables
[X ,Y,Z]  :: [0..1 0]

                                                                                      u

                                                                                                 If no domain is g iven a d efault is used (say

                                                                                                 [-100 00..10000]

Const raint Logic Programming

4

                                                                                                            Domains Exam ple

                                                                                   Goal for the smugglers knapsack problem:

                                                                                   [W ,P,C]  :: [0..9 ],  4* W + 3*P +  2 *C <= 9,

                                                                                   15 *W + 10*P + 7* C >= 30.

                                                                                      The CLP(FD) system returns unknown .

                                                                                      But how do we find a solution?

                                                                                      Invoke a complete (backtracking) solver

D W D P D C

( ) [ . . ], ( ) [ . . ], ( ) [ . . ]

= = =
0 2 0 3 0 4

5

                                                                                                            Labelling

                                                                                      u

                                                                                                 Built-in predicate
labeling
invok es the

                                                                                                 complete constraint solv er

                                                                                      u

                                                                                                 labeling(Vs)
takes a list o f finite domain

                                                                                                 variables Vs  and finds a s olution

                                                                                   [W ,P,C]  :: [0..9 ],  4* W + 3*P +  2 *C <= 9,

                                                                                   15 *W + 10*P + 7* C >= 30, label in g([W,P,C]).

                                                                                      has solutions:

                                                                                                                   W P C W P C

                                                                                                                    W P C W P C

= Ù = Ù = = Ù = Ù =

= Ù = Ù = = Ù = Ù =

0 1 3 0 3 0

1 1 1 2 0 0

6

                                                                                                            Constrain a nd Generate

                                                                                      u

                                                                                                 Typical form  of a finite domain pro gram

                                                                                                     u

                                                                                                              variables and domains are defined

                                                                                                     u

                                                                                                              constraints modelling problem are given

                                                                                                     u

                                                                                                              labelling is added to invoke complete solver

                                                                                      u

                                                                                                 Minimizatio n can be applied on lab elling

                                                                                 [W ,P,C]  :: [0..9 ],  4* W + 3*P +  2 *C <= 9,

                                                                                 15 *W + 10*P + 7* C >= 30,

                                                                                 mi nimiz e(labelin g( [W, P,C]), -1 5* W-10*P-7*C).

Const raint Logic Programming

7

                                                                                                            Send+More=Money Example

S E N D

M O R E

M O N E Y

+

=

                                                                                 Cryptarithmetic problem,

                                                                                 each digit is different and the

                                                                                 equation holds

                                                                                 sm m(S,E ,N,D,M,O, R, Y) :-

                                                                                                               [S ,E,N, D,M,O,R,Y ] :: [0..9],

                                                                                                               co nstra in(S,E,N, D, M,O ,R,Y),

                                                                                                               la belin g([S,E,N, D, M,O ,R,Y]).

                                                                                 co nstra in(S,E,N, D, M,O ,R,Y) :-

                                                                                                               S != 0,  M != 0,

                                                                                                               al ldiff erent_neq ([ S,E ,N,D,M,O, R, Y]),

                                                                                                                           1000 *S  + 100*E + 1 0* N + D

                                                                                                               +           1000 *M  + 100*O + 1 0* R + E

                                                                                                               = 10000 *M + 1000 *O  + 100*R + 1 0* E + Y.

8

                                                                                                            Send+More=Money Example

                                                                                   After domain declarations:

                                                                                  D S D E D N D D D M D O D R D Y

                                                                                         ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) [ . . ]

                                                                                                       = = = = = = = =
0 9

                                                                                   After                             then

                                                                                   al ldiff erent_neq

 adds disequations (no chng)

                                                                                   final equation: (one propagation rule)

                                                                                                                   S M

¹ Ù ¹
0 0 D S D M

( ) ( ) [ . . ]

= =
1 9

                                                                                        M

D S D E D D D R

D O D N D Y

                                                                                                   £

+ + +

- - -

                                                                                                            1

                                                                                                            9

91

9000

1

9000

1

900

1

10

1

100

1

9000

                                                                                                                 max( , ) max( , ) max( , ) max( , )

min( , ) min( , ) min( , )

                                                                                   With the current domain:

                                                                                                      M

                                                                                                                     £ + + + - - - =

´
9

9

91 9

9000

9

9000

9

900

0

10

0

100

0

9000

1 10 2

.

9

                                                                                                            Send+More=Money Example

                                                                                   Hence D(M) = [1..1]

                                                                                   Propagation continues arriving at

                                                                                                   D S D E D N D D

                                                                                                  D M D O D R D Y

                                                                                                          ( ) [ . . ] ( ) [ . . ] ( ) [5 . . ] ( ) [ . . ]

                                                                                                         ( ) [ . . ] ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

= = = =

= = = =

9 9 4 7 8 2 8

1 1 0 0 2 8 2 9

                                                                                   Note: 3 variables fixed, all domains reduced

                                                                                   Labelling tries S=0, S=1, ..., S=8 (which fail) and

                                                                                   then S=9. Then E=0, E=1, E=2, E=3 (which fail)

                                                                                   and  E=4 (this fails eventually), then E=5 gives

                                                                                                   D S D E D N D D

                                                                                                  D M D O D R D Y

                                                                                                          ( ) [ . . ] ( ) [5 . . ] ( ) [ . . ] ( ) [ . . ]

                                                                                                         ( ) [ . . ] ( ) [ . . ] ( ) [8 . . ] ( ) [ . . ]

= = = =

= = = =

9 9 5 6 6 7 7

1 1 0 0 8 2 2

Const raint Logic Programming

10

                                                                                                            Generate an d Test

                                                                                   Methodology without constraints:

                                                                                                                 first generate a valuation and

                                                                                                                 then test if it is a solution

                                                                                 sm m(S,E ,N,D,M,O, R, Y) :-

                                                                                                               [S ,E,N, D,M,O,R,Y ] :: [0..9],

                                                                                                               la belin g([S,E,N, D, M,O ,R,Y]),

                                                                                                               co nstra in(S,E,N, D, M,O ,R,Y).

                                                                                   This program requires 95671082 choices before

                                                                                   finding the solution, the previous required 35 (or

                                                                                   2 that did not  immediately fail)

11

                                                                                                            Complex Co nst ra ints

                                                                                      u

                                                                                                 Complex constraints such as alldifferent,

                                                                                                 cumu lative and  elemen t

                                                                                      u

                                                                                                 More succin ct pro blem m odelling

                                                                                      u

                                                                                                 Better propagation =  more efficien cy

                                                                                      u

                                                                                                 Example replace

                                                                                                     u

                                                                                                              al ldiff erent_neq ([ S,E ,N,D,M,O, R, Y])

                                                                                                     u

                                                                                                              al ldiff erent([S, E, N,D ,M,O,R,Y] )

12

                                                                                                            Complex Co nst ra ints

                                                                                      u

                                                                                                 There use may not always be obviou s

L F S

-- 5 5

                                                                              10 foot seesaw with seats,

                                                                              Liz, Fi and Sarah want to sit 3

                                                                              feet apart and balance. They

                                                                              weight 9,8,4 stone (resp).

                                                                                 ap art(X ,Y,N) :- X >= Y + N.

                                                                                 ap art(X ,Y,N) :- Y >= X + N.

                                                                                 [L ,F,S]  :: [-5.. 5] , 9 *L + 8*F + 4*S = 0,

                                                                                 ap art(L ,F,3), ap ar t(L ,S,3), ap ar t(F,S,3),

                                                                                 la belin g([L,F,S) ]

Const raint Logic Programming

13

                                                                                                            Complex Co nst ra ints

L F S

- - 5 5

                                                                              Think of each girl as a box of

                                                                              width 3 fitting into a box of

                                                                              length 13

                                                                              This is an example of a

                                                                              cumulative  constraint
--5 7

sarah fi liz

                                                                                   [L ,F,S]  :: [-5.. 5] ,

                                                                                   9* L + 8 *F + 4*S = 0,

                                                                                   cu mulat ive([L,F, S] ,[3 ,3,3],[1, 1, 1],1)

                                                                                   la belin g([L,F,S) ]

14

                                                                                                            Labelling

                                                                                      u

                                                                                                 Labelling  can be pro grammed in CLP(FD)

                                                                                                 us ing  built-in predicates

                                                                                                     u

                                                                                                              do m(V,D )

 list of values D  in current domain V

                                                                                                     u

                                                                                                              ma xdoma in(V,M)
current max value M  of V

                                                                                                     u

                                                                                                              mi ndoma in(V,M)
current min value M  of V

                                                                          la belin g([]).

                                                                          la belin g([V|Vs])  : - i ndomain(V ),  labeling(Vs).

                                                                          in domai n(V) :- d om (V, D), membe r( V,D).

15

                                                                                                            Labelling

                                                                                      u

                                                                                                 Makes use of current domain s of var iables

                                                                                      u

                                                                                                 Example (Send-More-Money)

                                                                                               D S D E D N D D

                                                                                               D M D O D R D Y

                                                                                                      ( ) [ . . ] ( ) [ . . ] ( ) [5 . . ] ( ) [ . . ]

                                                                                                      ( ) [ . . ] ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                                                                                                     = = = =

= = = =

9 9 4 7 8 2 8

1 1 0 0 2 8 2 9

                                                                                                Labelling tries S=9. Then E=4 (this fails

                                                                                                eventually), then E=5 which gives

                                                                                               D S D E D N D D

                                                                                               D M D O D R D Y

                                                                                                      ( ) [ . . ] ( ) [5 . . ] ( ) [ . . ] ( ) [ . . ]

                                                                                                      ( ) [ . . ] ( ) [ . . ] ( ) [8 . . ] ( ) [ . . ]

                                                                                                                     = = = =

= = = =

9 9 5 6 6 7 7

1 1 0 0 8 2 2

                                                                                                Labelling then add N=6, D=7, M=1, O=0, R=9,

                                                                                                and Y=2, and succeeds

Const raint Logic Programming

16

                                                                                                            Labelling

                                                                                      u

                                                                                                 There are two choices made in labelling

                                                                                                     u

                                                                                                              choice of which variable to label first

                                                                                                     u

                                                                                                              choice of which value to try first

                                                                                      u

                                                                                                 Default labelling

                                                                                                     u

                                                                                                              try variables in order of the given list

                                                                                                     u

                                                                                                              try value in order min to max (returned by dom)

                                                                                      u

                                                                                                 We can program different strategies

17

                                                                                                            Choice of Variable

                                                                                      u

                                                                                                 Variable choice effects size of d eriv. tree

                                                                                      u

                                                                                                 choo se var iable with smalles t current

                                                                                                 dom ain (h ence smallest possible answers)

                                                                                      u

                                                                                                 Example

                                                                                               D S D E D N D D

                                                                                               D M D O D R D Y

                                                                                                      ( ) [ . . ] ( ) [ . . ] ( ) [5 . . ] ( ) [ . . ]

                                                                                                      ( ) [ . . ] ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                                                                                                     = = = =

= = = =

9 9 4 7 8 2 8

1 1 0 0 2 8 2 9

                                                                                                Labelling first tries S, M, O (need do nothing),

                                                                                                then either E or N.  Much better than Y first

18

                                                                                                            First-Fa il L abelling

                                                                              la belin gff([]).

                                                                              la belin gff(Vs) : - del eteff(Vs, V, R),

                                                                                                            in domai n(V), lab el ing ff(R).

                                                                              de letef f([V0|Vs] ,V ,R)  :-

                                                                                                            ge tsize (V0,S), m in siz e(Vs,S,U, V, R)).

                                                                              mi nsize ([],_,V,V ,[ ]).

                                                                              mi nsize ([V1|Vs], S0 ,V0 ,V,[V0|R] ) :-

                                                                                                            ge tsize (V1,S1), S1  < S0,

                                                                                                            mi nsize (Vs,S1,V1 ,V ,R) .

                                                                              mi nsize ([V1|Vs], S0 ,V0 ,V,[V1|R] ) :-

                                                                                                            ge tsize (V1,S1), S1  >=  S0,

                                                                                                            mi nsize (Vs,S0,V0 ,V ,R) .

                      Const raint Logic Programming

                      Pet er Stuckey 7

19

First-Fa il L abelling

                                                                                                            u

                                                                                                                       la belli ngff
selects variable with least domain

                                                                                                                       to label first

                                                                                                            u

                                                                                                                       mi nsize (Vs,S0,V0 ,V ,R)
searchs through

                                                                                                                       variables Vs  to find var V  with minimal size with

                                                                                                                       current min var V0  and size S0 , R  is the other

                                                                                                                       variables.

                                                                                                            u

                                                                                                                       Application of first-fail principle

                                                                                                            u

                                                                                                                       ^To succeed, try first where you are most likely to

                                                                                                                       fail~

20

Choice of Domain Value

                                                                                                            u

                                                                                                                       Valu e cho ice only effects order in which

                                                                                                                       br anches are explored

                                                                                                            u

                                                                                                                       Problem  specific k nowledge may lead to

                                                                                                                       finding a so lution faster

                                                                                                            u

                                                                                                                       Also important for optim ization

u
good solutions found earlier reduce search later

21

N-Queens Examp le

Const raint Logic Programming

22

                                                                                                            Mi ddle-Out O rdering

                                                                              in domai n_mid(V) :-

                                                                                                            or derva lues(V,L) , mem ber(V,L).

                                                                              or derva lues(V,L)  : -

                                                                                                            do m(V,D ), length (D ,N) , H = N// 2,

                                                                                                            ha lveli st(H,D,[] ,F ,S) , merge(S ,F ,L).

                                                                              ha lveli st(0,L2,L 1, L1, L2).

                                                                              ha lveli st(N,[E|R ], L0, L1,L2) :-

                                                                                                            N >= 1,  N1 = N -  1 ,

                                                                                                            ha lveli st(N1,R,[ E| L0] ,L1,L2).

                                                                              me rge([ ],L,L).

                                                                              me rge([ X|L1],L2, [X |L3 ]) :- mer ge (L2,L1,L3).

23

                                                                                                            Mi ddle-Out O rdering

                                                                                      u
                                                                                                 in domai n_mid(V)
 trys the values in the domain

                                                                                                 of V  in middle out order

                                                                                      u
                                                                                                 or derva lues
 creates the ordered list of values

                                                                                      u
                                                                                                 ha lveli st
 breaks a list into two halves, the first

                                                                                                 half reversed

                                                                                      u
                                                                                                 me rge(L 1,L2,L3)
 interleaves two lists L1, L2  to

                                                                                                 get L3

24

                                                                                                            Labelling Efficiency

                                                                                      u

                                                                                                 We can use both variable and valu e

                                                                                                 or dering  together

10-

-19

30-

-39

50-

-59

70-

-79

1

10

100

1000

10000

Default

First-fail

M iddleout

                                                                                                  Different

                                                                                                  number of

                                                                                                  choices for

                                                                                                  N-queens

                                                                                                  in different

                                                                                                  ranges

25

                              Domain Spl ittin g

        u
                   Labelling  does nt have to be

                       u
                                setting a variable to a value

        u
                   Simply has to reduce the dom ain of a

                   variable

        u
                   Domain splitting  splits the current domain

                   of  chosen variab le in h alf

26

                              Domain Spl ittin g
la belin gsplt([]) .

la belin gsplt([V| Vs ]) :-

                              mi ndoma in(V,Min) , max domain(V, Ma x),

                              (M in = Max -> NV s = V s

                              ; Mi d = ( Min+Max)/ /2 ,

                                                            la belsp lt(V,Mid)

                                                            ap pend( Vs,[V],NV s)

                              ),

                              la belin gsplt(NVs ).

la belsp lt(V,M) : - V < = M,.

la belsp lt(V,M) : - V > = M+1.

27

                              Domain Spl ittin g

        u
                   la belin gsplt
                                                                                           recursively splits the domains of

                   each variable in half until all domains are

                   singletons. If  Min=Max  the variable is eliminated

                   from list, otherwise it is split and added on the end

                   of list of vars to be split.

        u
                   la belsp lt(V,M)
                                                                                                       choose V  to be either <= or >

                   midpoint M

28

                      Different Probl em Modelli ngs
u
           Differen t views  of the problem lead to

           differen t models
u
           Differen t mod el = different s et of v ariables
u
           Depending on solver capabilities  one model

           may require less search to find answer
u
           Empirical com parison may be worthwile

29

                      Different Probl em Modelli ngs

               Simple assignment problem: four workers

               w1,w2,w3,w4  and four products p1,p2,p3,p4.

               Assign workers to products to make profit >= 19
p p p p
w
w
w
w

1 2 3 4

1 7 1 3 4

2 8 2 5 1

3 4 3 7 2

4 3 1 6 3

                                        Profit matrix is:

30

                      Operations Research Model
p p p p
w
w
w
w

1 2 3 4

1 7 1 3 4

2 8 2 5 1

3 4 3 7 2

4 3 1 6 3

            16 Boolean variables Bij

            meaning worker i  is assigned

            product  j

               Ù

               Ù
                            =

                                                =

                             =

                                                 =

                                    å

                                     å

                                                                  =

                                                                    =

                        =

                                                                    + + +

                                + + + +

                               + + + +

                                + + + +

                        ³

                          i ij

                                              j

                           j ij

                                                j

                                                       B

                                                        B

                P

                                           B B B B

                                           B B B B

                                           B B B B

                                           B B B B

                P

                               1

                          4

                                                   1

                                             4

                                1

                          4

                                                    1

                                              4

                                                11 12 13 14

                                                21 22 23 24

                                                31 32 33 34

                                                41 42 43 44

                                                                         1

                                                                          1

                                      7 3 4

                                      8 2 5

                                      4 3 7 2

                                      3 6 3

                              19

11 prim. constraints

28 choices to find
all four solutions

B2 3

31

                      Better Model

                      Make use of disequality and

                      complex constraints. Four

                      variables W1,W2,W3,W4

                      correponding to workers

p p p p
w
w
w
w

1 2 3 4

1 7 1 3 4

2 8 2 5 1

3 4 3 7 2

4 3 1 6 3

                        alldiffere nt W W W W

                        element W WP

                        element W WP

                        element W WP

                        element W WP

                         P WP WP WP WP

                         P

                                                                 ([ , , , ])

                                                     ( , [ , , , ], )

                                                     ( , [8 , , , ], )

                                                     ( , [ , , , ], )

                                                     ( , [ , , , ], )

                                                                              1 2 3 4

                                                               1 7 1 3 4 1

                                                               2 2 5 1 2

                                                               3 4 3 7 2 3

                                                               4 3 1 6 3 4

                                                    1 2 3 4

                                       19

Ù

Ù

Ù

Ù

Ù

                                 = + + + Ù

                                 ³

7 prim.  constraints

14 choices to find
all four solutions

W1

W2

W3

W4

  1   2    3    4

32

                      Different Model

                      Four variables T1,T2,T3,T4

                      correponding to products.

p p p p
w
w
w
w

1 2 3 4

1 7 1 3 4

2 8 2 5 1

3 4 3 7 2

4 3 1 6 3

                            al ldi ffere nt T T T T

                            element T TP

                            element T TP

                            element T TP

                            element T TP

                             P TP TP TP TP

                             P

                                                                    ([ , , , ])

                                                        ( , [ , , , ], )

                                                        ( , [ , , , ], )

                                                        ( , [ , , , ], )

                                                        ( , [ , , , ], )

                                                                               1 2 3 4

                                                                 1 7 8 4 3 1

                                                                 2 1 2 3 1 2

                                                                 3 3 5 7 6 3

                                                                 4 4 1 2 3 4

                                                      1 2 3 4

                                           19

Ù

Ù

Ù

Ù

Ù

                                     = + + + Ù

                                     ³

7 prim. constraints

7 choices to find all
four solutions

1

2

3

4

T1 T2 T3  T4

33

                      Comparin g Models
u
           Relative efficiency  comes from

               u
                        more direct mapping to prim. constraints

               u
                        fewer variables

               u
                        usually requires empirical evaluation
u
           Oth er criteria

               u
                        flexibility (adding new constraints)

               u
                        e.g. worker 3 works on product > worker 2

             B B

             B B

             B B B

             B B B B

                 31 24

                 32 21

                 33 21 22

                 34 21 22 23

                            0 0
                       = Ù = Ù

                       < Ù

                       £ + Ù

                       £ + + Ù

                                                                                             W W

                                                                                                              3 2
>

? ? ? ??

34

                      Combining Models
u
           Combine models  by relating the variables

           and there values  in each m odel
u
           eg. B 13 = 1 means  W1 =  3 means T3 = 1
u
           Combined models can gain m or e

           information  thro ugh propagation
u
           Suppose prim. con straint iff( V1 ,D1,V2,D2)

           which holds if V1=D1  iff V2=D2

35

                      Combined Model
al ldiff ere nt T T T T
element T TP
element T TP
element T TP
element T TP

P TP TP TP TP

([ , , , ])

( , [ , , , ], )

( , [ , , , ], )

( , [ , , , ], )

( , [ , , , ], )

1 2 3 4

1 7 8 4 3 1

2 1 2 3 1 2

3 3 5 7 6 3

4 4 1 2 3 4

1 2 3 4

Ù

Ù

Ù

Ù

Ù

= + + +

         alldiffere nt W W W W

         element W WP

         element W WP

         element W WP

         element W WP

          P WP WP WP WP

          P

                                                 ([ , , , ])

                                      ( , [ , , , ], )

                                      ( , [8 , , , ], )

                                      ( , [ , , , ], )

                                      ( , [ , , , ], )

                                                               1 2 3 4

                                                1 7 1 3 4 1

                                                2 2 5 1 2

                                                3 4 3 7 2 3

                                                4 3 1 6 3 4

                                     1 2 3 4

                        19

                                                                                                                       Ù

                                                                                                          Ù

                                                                                                            Ù

                                                                                                             Ù

                                                                                                            Ù

                  = + + + Ù

                  ³ Ù

            if f W T if f W T if f W T if f W T

            if f W T if f W T if f W T if f W T

            if f W T if f W T if f W T if f W T

                     ( , , , ) ( , , , ) ( , , , ) ( , , , )

                     ( , , , ) ( , , , ) ( , , , ) ( , , , )

                     ( , , , ) ( , , , ) ( , , , ) ( , ,

                              1 1 1 1 1 2 2 1 1 3 3 1 1 4 4 1

                              2 1 1 2 2 2 2 2 2 3 3 2 2 4 4 2

                              3 1 1 3 3 2 2 3 3 3 3 3 3 4 4

                                                         Ù Ù Ù Ù

                                                           Ù Ù Ù Ù

                                                          Ù Ù Ù , )

                     ( , , , ) ( , , , ) ( , , , ) ( , , , )

3

                              4 1 1 4 4 2 2 4 4 3 3 4 4 4 4 4

Ù

                                                           Ù Ù Ù

            if f W T if f W T if f W T if f W T

39 prim. constraints.   5 choices to find all solutions

36

                      Example: Scheduling
u
           Giv en a set of tasks

               u
                        with precedences (one finished before another)

               u
                        and shared resources (some require same

                        machine)
u
           Determine a s uitable schedule, so

               u
                        constraint are satisfied

               u
                        overall time is minimized
u
           We will start with just a fixed  time limit

37

                                   Small Schedule D ata

T a s k s  a n d  P r e c e d e n c e s
jo b :  j6
d u r a t io n :  4
m a c h i n e :  m 2

E n d

jo b :  j3
d u r a t io n :  8
m a c h i n e :  m 1

S t a g e  B

jo b :  j5
d u r a t io n :  3
m a c h i n e :  m 2

S t a g e  A

jo b :  j1
d u r a t io n :  3
m a c h i n e :  m 1

jo b :  j2
d u r a t io n :  8
m a c h i n e :  m 1

jo b :  j4
d u r a t io n :  6
m a c h i n e :  m 2

S t a rt

Represent data as a list of task
records: (call it problem )
task(n ame,du ration,[names], machin e)

[t ask(j 1,3,[],m1 ),

 t ask(j 2,8,[],m1 ),

 t ask(j 3,8,[j4,j 5] ,m1 ),

 t ask(j 4,6,[],m2 ),

 t ask(j 5,3,[j1], m2 ),

 t ask(j 6,4,[j1], m2 )]

38

                                   Scheduling Program

            u
                        Form  of the prog ram

                           u
                                     Define variables:

                                                                                                                       makejobs

                                          u
                                                  Variables: Start time for each job

                                          u
                                                  association list:  job(nam e,duration ,StartVa r)

                           u
                                     Precedence constraints:

precedences

                           u
                                     Machine constraints:

machines

                           u
                                     Labelling:

                                                                                       labeltasks

                                          u
                                                  get v ariables from job list and label

39

                                   Scheduling Program

     sc hedul e(Data,En d, Job s) :-

                                   ma kejob s(Data, J ob s, End),

                                   pr ecede nces(Data , Job s),

                                   ma chine s(Data, J ob s),

                                   la belta sks(Jobs) .

     ma kejob s([],[],_ ).

     ma kejob s([task(N ,D ,_, _)|Ts],

                                       [jo b(N,D,TS) |J s],  End) :-

                                   TS  :: [ 0..1000],  T S +  D <= End ,

                                   ma kejob s(Ts,Js,E nd ).

     ge tjob( JL,N,D,TS ) :- member(jo b( N,D,TS),JL).

40

                                   Scheduling: Precedences

     pr ecede nces([],_ ).

     pr ecede nces([tas k( N,_ ,P,_)|Ts] ,J L) :-

                                   ge tjob( JL,N,_,TS ),

                                   pr ectas k(P,TS,JL ),

                                   pr ecece dences(Ts ,J L).

     pr ectas k([],_,_) .

     pr ectas k([N|Ns], TS 0,J L),

                                   ge tjob( JL,N,D,TS 1) ,

                                   TS 1 + D  <= TS0,

                                   pr ectas k(Ns,TS0, JL ).

41

                                   Scheduling: Ma chines

     ma chine s([],_).

     ma chine s([task(N ,_ ,_, M)|Ts],JL ) :-

                                   ge tjob( JL,N,D,TS ),

                                   ma chtas k(Ts,M,D, TS ,JL ),

                                   ma chine s(Ts,JL).

     ma chtas k([],_,_, _, _).

     ma chtas k([task(N ,_ ,_, M1)|Ts],M 0, D0,TS0,JL):-

                                   (M  = M0  -> getjo b( JL, N,D1,TS1) ,

                                                                                                e xclud e(D0,TS0, D1 ,TS 1)

                                   ;          true) ,

                                   ma chtas k(Ts,M0,D 0, TS0 ,JL).

     ex clude (_,TS0,D1 ,T S1)  :- D1 + TS 1 <= TS0.

     ex clude (D0,TS0,_ ,T S1)  :- D0 + TS 0 <= TS1.

42

                                   Executing Schedulin g

            En d=20,  schedule (
                                                                                                                  problem

, End, JL).

makejobs
                                                        : Builds initial joblist and adds constraints

[j ob(j1 ,3,TS1),j ob (j2 ,8,TS2),j ob (j3,8,TS3),
jo b(j4, 6,TS4),jo b( j5, 3,TS5),jo b( j6,4,TS6)]

                                    0 1 1 3 20 0 2 2 8 20

                                   0 3 3 8 20 0 4 4 6 20

                                    0 5 5 3 20 0 6 6 4 20

                                           £ + £ £ + £

                                          £ + £ £ + £

                                           £ + £ £ + £

                                                   TS TS TS TS

                                                  TS TS TS TS

                                                   TS TS TS TS

     Initial variable domains:

                                D TS D TS D TS

                               D TS D TS D TS

                                      ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                      ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                                    1 0 17 2 0 12 3 0 12

                                                   4 0 14 5 0 17 6 0 16

                                                             = = =

                                                              = = =

43

                         Executing Schedulin g

  pr ecede nces
                                                                    : adds constraints and changes domain

                     D TS D TS D TS

                     D TS D TS D TS

                            ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                           ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                         1 0 6 2 0 12 3 6 12

                                         4 0 6 5 3 9 6 3 16

                                                  = = =

                                                   = = =

 TS TS TS TS TS TS TS TS
           1 3 5 1 3 6 4 6 3 5 3 3
                 + £ Ù + £ Ù + £ Ù + £
ma chine s
                                                : adds choices of constrs, changes domain

                     D TS D TS D TS

                     D TS D TS D TS

                            ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                           ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                         1 0 0 2 3 4 3 12 12

                                         4 6 6 5 3 3 6 12 16

                                                  = = =

                                                   = = =

  T S T S T S T S T S T S T S T S

             2 8 1 1 3 2 3 8 1 1 3 3
                    + £ Ú + £ + £ Ú + £

44

                         Labelling

                    In this case simply assigns the first possible

                    value to every variable.

                             D TS D TS D TS

                            D TS D TS D TS

                                    ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                   ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                                 1 0 0 2 3 3 3 12 12

                                                4 6 6 5 3 3 6 12 12

                                                          = = =

                                                           = = =

                    Solution found!

45

                         Improving the Program

  u

             Answer Red undant Information

                 u
                           Suppose t1, ..., tn  are tasks on the same

                           machine that must be finished before t0

                 u
                           t0 must start the sum of the durations added to

                           the earliest start time

                 u

                 u
                           Calculate predecessors for each task, and add

                           these extra constraints

                 u
                           Reduces search

                           TS TS TS n D D n

                                       0 1 1
                                              ³ + + +

                                                       m ini mu m ({ , , })

� �

46

                              Improving the Program

        u
                   cumu lative cons traints  can be used to m odel

                   machine exclus ion constraints

                       u
                                cumulative([TS1,TS2,TS3],[3,8,8],[1,1,1],1)

                       u
                                cumulative([TS4,TS5,TS6],[6,3,4],[1,1,1],1)

        u
                   Replace

                                                                 machines
with a version which

                   builds  thes e cons traints

                       u
                                Execution produces (without choice)

                                   D TS D TS D TS

                                  D TS D TS D TS

                                          ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                        ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                                       1 0 1 2 3 4 3 1 1 1 2

                                                      4 0 6 5 3 9 6 6 1 6

                                                                = = =

                                                                = = =

47

                              Labelling for Schedu ling

        u
                   Original formulation:

                       u
                                Picking the minimum value for each value must

                                be a solution. (default labelling is fine)

        u
                   Cumulative f orm ulatio n

                       u
                                Find a task with earliest possible starting time

                                     u
                                             Either place task at th is time,

                                     u
                                             Or disallow task to be at th is time

                       u
                                Repeat (look for task with now earliest time)

48

                              Labelling the Earliest
la bel_e arliest([ ]) .

la bel_e arliest([ TS 0|T s]) :-

                              mi ndoma in(TS0,M0 ),

                              fi nd_mi n(Ts,TS0, M0 ,TS ,M,RTs),

                              (T S = M , Rs=RTs ; TS != M, Rs= [T S0|Ts]),

                              la bel_e arliest(R s) .

fi nd_mi n([],TS,M ,T S,M ,[]).

fi nd_mi n([TS1|Ts ], TS0 ,M0,TS,M, RT s) :-

                              mi ndoma in(TS1,M1 ),

                              (M 1 < M 0 ->

                                                            M2 =M1, TS2=TS1, RT s=[ TS0|Rs]

                              ;    M2 =M0, TS2= TS 0, RTs=[TS1| Rs ]),

                              fi nd_mi n(Ts,TS2, M2 ,TS ,M,Rs).

49

                         Labelling the Earliest

                           D TS D TS D TS

                          D TS D TS D TS

                                  ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                 ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                               1 0 1 2 3 4 3 1 1 1 2

                                              4 0 6 5 3 9 6 6 1 6

                                                        = = =

                                                        = = =

Label TS1 = 0 Label TS4 = 0 Label TS2 = 3

Label TS5 = 6 Label TS6 = 9 Label TS3 = 11

                      D TS D TS D TS

                     D TS D TS D TS

                             ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                            ( ) [ . . ] ( ) [ . . ] ( ) [ . . ]

                                          1 0 0 2 3 3 3 11 11

                                          4 0 0 5 6 6 6 9 9

                                                   = = =

                                                    = = =

            Solution (and in fact a minimal solution)

50

                         Mo delling with Fin ite

                         Domains Summa ry

  u
             Domains must be initialized

  u
             Labelling  to invoke a comp lete solver

                 u
                           Many strategies are possible

                                u
                                        Ch oic e of varia ble

                                u
                                        Ch oic e of value

  u
             Complex constraints can redu ce s earch

  u
             Problem s usu ally have d iffer ent m odellings

             of  different ef ficiencies